2D Discrete Fourier Transform (DFT)




2D Discrete Fourier Transform

Fourier transform of a 2D signal defined over a discrete finite 2D grid
of size N,xN,

or equivalently

Fourier transform of a 2D set of samples forming a bidimensional
sequence

As in the 1D case, 2D-DFT, though a self-consistent transform, can
be considered as a mean of calculating the transform of a 2D
sampled signal defined over a discrete grid.

The signal is periodized along both dimensions and the 2D-DFT can
be regarded as a sampled version of the 2D continuous Fourier
transform
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2D Fourier Transform
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2D DFT is a sampled version of 2D FT.
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2D Discrete Fourier Transform (DFT)
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2D Discrete Fourier Transform

It is also possible to define DFT as follows

Flk1]=——3"S" f[m, n]e_"z’{ﬁman

where k =0,1,....M -1 and [1=0,1,...,N-1

Inverse DFT
M-1N-1 271 Lm+|—n
f[m,n]:—lN Y Flk,I]e o)
k=0 I=

<




2D Discrete Fourier Transform

Or, as follows

Flk 1= f[m, n]e_””(”man

where k=0,1... M -1 and [=0,1...,N-1

Inverse DFT

f[m,n]=




2D Discrete Fourier Transform

TABLE 4.1
. o Property Expression(s
Summary of some perty p )
important [ _— -
. ) WirFie . oy ) = T- - oy F2riux/M+vv/N)
properties of the Fourier transform  F(u, v) N 2 :.Ef]ﬂx y)e
2-D) Fourier ] '
transform. [nverse Fourier (X, y) = ME:I NEEI F (1, v) 2 us/M oy N)
transform Fix.y) = = = o
Polar F(u, v) = |F(u, v)|e v

FLZPFLJF:L‘['HEI[I'{}H

Spectrum

Phase angle
Power spectrum
Average value

Translation

IF(u.v)| = [R2(u.v) + I*(u.v)]'?. R = Real(F) and
I = Imag(F)

I{u,v) 7
R(u,v)

P(u,v) = |F(u,v)

dh(u, v) = tan

_ ] M-1 N1
xy)=F0.0) =— % N f(x.y

(e, y) PO N o B v )
flx = %,y = ) & Flu, v)ePrssn
When x, = 4y = M/2and y, = v, = N/2.then
flae. (1" < Flu—- M/2.v — N/2)

flx — M/2,y — N/2) & Flu.v)(—1)"""
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Conjugate
symmetry

Differentiation

Laplacian

Distributivity

Scaling

Rotation

Periodicity

Separability

(2. y)

F(u,v) = F(—u,—v)
F ()| = [F (-, -v)

< (ju)"Flu,v)
a"Fu, v)
"
Vif(x, y) < —(u* + v})F(u,v)
L%, ¥) + fa(x )] = 3[fx )] + [ fa(x, )]
M[fix.y) - falxp)] # S[AC )] - S falx.y)]

af(x, v) < aF(u. v). flax,by) < ﬁF(uﬁL v/b)

ax"

(—ix)'f(x.y) =

)

o

X = rcos# y = rsin# U= wcose V= wsing

Flu,v) = F(u + M.v) = F(u.v + N) = F(u + M,v + N)
fle.y) =flx + M.y) = f(x.y + N) =f(x + M,y + N)

See Eqs. (4.6-14) and (4.6-15). Separability implies that we can
compute the 2-D transform of an image by first computing 1-D
transforms along each row of the image. and then computing a
-1 transform along each column of this intermediate result.
The reverse. columns and then rows, yields the same result.
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Property Expmssiun{s]

. - - H I "I I

({1311[111!E1L1{1[1 1 *(x, y) 2 S Fé(u, v)e P (XM + 0y /N)
of the inverse MN e

Fourier

transform using

a forward
transform
algorithm

Convolution’

Correlation’
Convolution
theorem’

Correlation
theorem’

This equation 11‘1{[1cau5 that inputting the function F*(u, v)
into an algorithm designed to compute the forward transform
(right side of the preceding equation) vields f*(x, v)/MN.
Taking the complex conjugate and multiplying this result by
MN gives the desired inverse.

flx,y)=h{x.y) = ﬁ I?Z[] ;E{]f{m n)hix — m.y — n)
flx,y)eh(x,y) = ﬁil é:f*[m‘njh[x + m,y + n)
flx.v)=h{x.y) < Flu,v)H(u,v):

flx, vi(x, ¥) = Flu,v) = H(u. v)

flx,y)eh(x.y) <= F*(u v)H(u. v);

fA(x. yv)h(x,y) <& Flu.v) e H(u,v)




2D Discrete Fourier Transform

Some useful FT pairs:

Impulse d(x,y) = 1
Gaussian AV goe oY) o ge vz

sin(wua) sin(wvb)
Rectangle rect[a. b] < ab fm(ua+vb)

(rua)  (wvh)
Cosine L‘L‘Js(lmi[]x + 2rpy) <
1
5 [8(u + wp. v + v} + 8(u — ug, v — vp)]

Sine sin(27tgx + 27vpy) <

.-’% [ﬁ(u oy, U T 'L'[]) — olu — gy, v — .L‘[]\’]]

' Assumes that functions have been extended by zero padding.
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Periodicity

[M,N] point DFT is periodic with period [M,N]

M-1N-1 —j27| —m+—n
FIK, 1] = —— f[m,ne - )
MN m=0 n=0
M-1N-1 _Jzﬂ(k”v' m+|+—Nnj
Flk+M,l+N]= §
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Periodicity

[M,N] point DFT is periodic with period [M,N]

M-1N-1 jzﬂ(ﬁmlnj
flm,n]=> > Flk,Ie " "
k=0 1=0
M-IN-1 j27 L(m+|v|)+l(n+|\|)
fF[m+M,n+N]= F[k,1Te’ S
k=0 1=0 1
AN . . |
_ M-IN 1F[k’l]eJZ7z(ﬁm+—njejZ7z — +WN)
k=0 1=0
= f[m,n]
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Convolution

Be careful about the convolution property!

f[m]*g[m] = F[K]G[K]

f[m] g[m] f[m]*g[m]
Ll 1, - 21,
Length=P Length=Q Length=P+Q-1

For the convolution property to hold, M must be greater
than or equal to P+Q-1.
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Zero padding

Convolution

f[m]*g[m] = FLK]G[I]

f[m] g[m]
2 I T I P
4-point DFT I I
(M=4)
F[K] G[k]

f[m]*g[m]

allr,

|

FIKIGLK]
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2D DCT

Separable product (equivalently, a composition) of DCTs along each
dimension

N;-1N,-1 1 T 1
X1, = nlz;)r; X COS{N (n1+2jkl}cos{l\lz(n2+2jk2}

Row-column algorithm

The inverse of a multi-dimensional DCT is just a separable product
of the inverse(s) of the corresponding one-dimensional DCT

— e.g. the one-dimensional inverses applied along one dimension at a
time
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DCT: basis functions

Block-based transform

Block size
N,=N,=8

The source data (8x8) is
transformed to a linear combination
of these 64 frequency squares.
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Appendix
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Appendix: Impulse Train

m The Fourier Transform of a comb function is

Z Z CombM N[m n]e 127Z um+vn

= (comb, [m, n])

§ § § §5[m kM n—||\|]:| — j27(um+vn)
M=—0 N= k=—00 |=—c0

f{ f&[m kM, n—INJ" 12”“*“”)}

|| \48

_ i i[e 127r ukI\/I+vIN :|

=—0 |=—0

=~

18




Impulse Train (cont’'d)

m The Fourier Transform of a comb function is

F (comb,, [m,n]) = i i

127r ukM +vIN :|

1)
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m Proof

—00 k =—00

Impulse Train (cont'd)

T i o (UM —k)F(u)du = f Té(uM —k)F (u)du

zé‘(v—k)F(M dv

o ®©

:;5(V—%)F(v)dv
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