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Chapter 12

Metric Spaces

The Definition

In Chapter 9, we studied the basic properties of real and complex inner product
spaces. Much of what we did does not depend on whether the space in question
is finite or infinite-dimensional. However, as we discussed in Chapter 9, the
presence of an inner product and hence a metric, on a vector space, raises a host
of new issues related to convergence. In this chapter, we discuss briefly the
concept of a metric space. This will enable us to study the convergence
properties of real and complex inner product spaces.

A metric space is not an algebraic structure. Rather it is designed to model the
abstract properties of distance.

Definition A  is a pair , where  is a nonempty set andmetric space
 is a real-valued function, called a  on , with themetric

following properties. The expression  is read “the distance from  to .”
1)  For all ,( )Positive definiteness

and  if and only if .
2)  For all ,( )Symmetry

3)  For all ,( )Triangle inequality

As is customary, when there is no cause for confusion, we simply say “let  be
a metric space.”

Metric Spaces and Completeness
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 such that, for all 

Thus, for all ,

and so we may construct a sequence  by choosing each term  with the
property that

, but 

Hence, , but  does not converge to . This contradiction
implies that  must be continuous at . 

The next theorem says that the distance function is a continuous function in both
variables.

Theorem 12.5 Let  be a metric space. If  and  then
.

Proof. We leave it as an exercise to show that

But the right side tends to  as  and so . 

Completeness

The reader who has studied analysis will recognize the following definitions.

Definition A sequence  in a metric space  is a  if, forCauchy sequence
any , there exists an  for which

We leave it to the reader to show that any convergent sequence is a Cauchy
sequence. When the converse holds, the space is said to be .complete

Definition Let  be a metric space.
1)  is said to be  if every Cauchy sequence in  converges in .complete
2) A subspace  of  is  if it is complete as a metric space. Thus, complete

is complete if every Cauchy sequence  in  converges to an element in
.

Before considering examples, we prove a very useful result about completeness
of subspaces.
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for all . If  is a bijective isometry from  to , we say
that  and  are  and write . isometric

Theorem 12.7 Let  be an isometry. Then
1)  is injective
2)  is continuous
3)  is also an isometry and hence also continuous.
Proof. To prove 1), we observe that

To prove 2), let  in  then

 as 

and so , which proves that  is continuous. Finally, we have

and so  is an isometry. 

The Completion of a Metric Space

While not all metric spaces are complete, any metric space can be embedded in
a complete metric space. To be more specific, we have the following important
theorem.

Theorem 12.8 Let  be any metric space. Then there is a complete metric
space  and an isometry  for which  is dense
in . The metric space  is called a  of . Moreover,completion

 is unique, up to bijective isometry.
Proof. The proof is a bit lengthy, so we divide it into various parts. We can
simplify the notation considerably by thinking of sequences  in  as
functions , where .

Cauchy Sequences in 

The basic idea is to let the elements of  be equivalence classes of Cauchy
sequences in . So let  denote the set of all Cauchy sequences in . IfCS

CS  then, intuitively speaking, the terms  get closer together as
 and so do the terms . Therefore, it seems reasonable that

 should approach a finite limit as . Indeed, since

as  it follows that  is a Cauchy sequence of real
numbers, which implies that
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Operators on Hilbert Spaces: the general case









TENSOR PRODUCT OF HILBERT SPACES
a simple basis dependent definition

Let H’,H” be two Hilbert spaces with Hilbert bases Bʹ,Bʹʹ.  

Let us consider the  set B={φʹ ⊗ φʹʹ|φʹ ∈ Bʹ, φʹʹ ∈ Bʹʹ}, and the complex 
vector spaces H obtained by means of linear closure of  B. Moreover let us define 
an inner product in H by means of: 

⟨φ1 ⊗ ψ1, φ2 ⊗ ψ2⟩H = ⟨φ1, φ2⟩H’ ⟨ψ1, ψ2⟩H”  

⟨c1φ1 + c2φ2, ψ⟩H = c1⟨φ1, ψ⟩H’ + c2⟨φ2, ψ⟩H”  

⟨φ, c1ψ1 + c2ψ2⟩H = c1*⟨φ, ψ1⟩H’ + c2*⟨φ, ψ2⟩H”.  

1.If H’,H” are both finite dimensional Hilbert space then H is called                                                     
tensor product of H and H’ ( H’⊗ H”) 

2.otherwise the completion of H  is called tensor product of H and 
H’ ( H’⊗ H”) 

3. the set B is the Hilbert basis of H’⊗ H”



Then U ⊗ W is the linear operator on H1 ⊗ H2 defined by  

(U ⊗ W) bi ⊗ cj≡ U(bi) ⊗ W(cj) for bi∈Bʹ, cj∈Bʹʹ

Let ℋ1, ℋ2 be two Hilbert spaces with Hilbert bases Bʹ,Bʹʹ  
U:ℋ1→ℋ1,W:ℋ2→ℋ2 two linear operators
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3. For any |ψ1⟩ ∈ H1, and |ψ2⟩, |ϕ2⟩ ∈ H2,

|ψ1⟩ ⊗
(
|ψ2⟩+ |ϕ2⟩

)
= |ψ1⟩ ⊗ |ψ2⟩+ |ψ1⟩ ⊗ |ϕ2⟩. (2.6.4)

Suppose A and B are linear operators on H1 and H2 respectively. Then A⊗ B
is the linear operator on H1 ⊗H2 defined by

(A⊗B)
(
|ψ1⟩ ⊗ |ψ2⟩

)
≡ A|ψ1⟩ ⊗B|ψ2⟩. (2.6.5)

This definition extends linearly over the elements of H1 ⊗H2:

(A⊗B)

⎛

⎝
∑

ij

λij |bi⟩ ⊗ |cj⟩

⎞

⎠ ≡
∑

ij

λijA|bi⟩ ⊗B|cj⟩. (2.6.6)

We have presented the tensor product using the Dirac notation. In the matrix
representation, this translates as follows. Suppose A is an m×n matrix and B a
p× q matrix, then the left Kronecker product of A with B is the mp×nq matrix

A⊗B =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11B11 . . . A11B1q . . . . . . A1nB11 . . . A1nB1q
...

...
...

...
...

...
...

...
A11Bp1 . . . A11Bpq . . . . . . A1nBp1 . . . A1nBpq

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

Am1B11 . . . Am1B1q . . . . . . AmnB11 . . . AmnB1q
...

...
...

...
...

...
...

...
Am1Bp1 . . . Am1Bpq . . . . . . AmnBp1 . . . AmnBpq

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.6.7)

This matrix is sometimes written more compactly in ‘block form’ as

A⊗B =

⎡

⎢⎢⎢⎣

A11[B] A12[B] . . . A1n[B]
A21[B] A22[B] . . . A2n[B]

...
...

...
...

Am1[B] Am2[B] . . . Amn[B]

⎤

⎥⎥⎥⎦
. (2.6.8)

Here, [B] represents the p× q submatrix B. Then each block entry Aij [B] above
is the matrix [B] multiplied by the single entry in row i, column j, of matrix A.

Aij [B] =

⎡

⎢⎢⎢⎣

AijB11 AijB12 . . . AijB1q

AijB21 AijB22 . . . AijB2q
...

...
...

...
AijBp1 AijBp2 . . . AijBpq

⎤

⎥⎥⎥⎦
. (2.6.9)

The matrix representation for the tensor product of two vectors, or two operators,
is the left Kronecker product of the matrix representation of the two vectors or

TEAM LinG


