CODES OVER RINGS AND MODULES

ANGEL DEL RIO

1. INTRODUCTION

Two relevant results of MacWilliams are the Extension Property and the MacWilliams Identities for linear
codes. The first one describes the isomorphisms preserving the Hamming weight between linear codes and
the second one relates the weight distribution of a linear code and its dual. In this note we revise some
recent results of several authors (mostly of J. A. Wood) which describes when the Extension Property and
the MacWilliams Identities hold in the more general settings of linear codes over modules. We basically
follow the approach of [Woo09].

We start recalling the statements of the Extension Property and the MacWilliams Identities. Let F' be a
field and let n be a positive number. A monomial transformation of F™ is a map T : F™ — F™ of the form

T(a1,...,an) = (U1Ge(1), - - > UnGo(n)) (Q1,...,0n) € F",
for some o € S, and uy,...,u, € U(F) = F \ {0}. Observe that if T is a monomial transformation of F"
then T is an isomorphism of M™ preserving the Hamming weight (i.e. w(f(x)) = w(x) for every x € F™).
The Extension Property states that monomial transformations are the only maps satisfying these conditions,
in a very strong way:

1.1. Theorem [Extension Property] [Mac61, Mac62] Let F' be finite field, let C1 and Co be linear codes
of length n over the alphabet F and let f : C7 — Co be an isomorphism of vector spaces preserving the
Hamming weight. Then f extends to an a-monomial transformation of F™.

The weight enumerator of a linear code C of length n is the following polynomial in two variables:

WC(X, Y) — ZXn—w(c)Yw(c) — ZAC7an_in7
ceC =0

where Ac; denotes the number of codewords of C of weight :.

1.2. Theorem [MacWilliams Identities] [Mac63, Mac62] Let F' be a finite field of cardinality q and let C be
a linear code over the alphabet F. Then

1
(1.1) Wer(X,)Y) = @WC(X +(¢-1)Y,X-Y).
,,,,, n is call the weight distribution of C. As this vector determines the
coefficients of W (X,Y), the MacWilliams identities gives the weight distribution of a code in terms of the
weight distribution of its dual (and vice versa). More precisely, comparing the coefficients in the two sides
of the equation (1.1) we have

Aot = fq;Ac,jg (Zl:i) (g) (g— 1" (1)

2. RINGS AND MODULES

In this section we introduce the basic notions on rings and modules.
A ring is a set R together with two operations, a sum and a product,

RxR 5 R RxR -3 R
(r,s) +— r+s (rys) w— rs

such that the sum makes (R,+) an abelian group (with zero denoted 0 and opposite of r € R denoted
—r), the multiplication is associative and has an identity 1, (i.e. 1r = r1 = r for every r € R) and the
product distributes the sum (i.e. (s +t) = rs+ rt and (r 4 s)t = rt + st for every r, s, t €). If the product
is commutative then we say that R is a commutative ring. The elements of R which are invertible with
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respect to the product are called units of R and form a group, denoted U(R). A division ring is a ring with
U(R) = R\ {0}; a field is a commutative division ring.

Let R be a ring. A subring of R is a subset which is a ring with the restriction of the sum and product of
R. A left ideal of R is a subgroup I of (R, +) satisfying rz € I for every r € R and x € I. Right ideals are
defined similarly. An ideal is a left ideal which is also a right ideal.

Modules are simply vector spaces over rings (rather than over fields). More precisely, a right R-module
(or right module over R) is an additive abelian group M together with a product

MxR — M
(m,r) — mr
satisfying the following conditions for every r,s € R and m,n € M:
(m4+n)r=mr+nr, m(r+s)=mr+ms, m(rs)=(mr)s and ml=m.

Left modules are defined similarly. If R is commutative then every right R-module is also a left module with
multiplication rm = mr and hence we simply will call them modules. However if R is non-commutative then
right and left R-modules can be very different.

Let M be a right R-module. A submodule of M is an additive subgroup N of M satisfying nr € N for
every n € N and r € R.

If R and S are two rings then an (R, .S)-bimodule is a left R-module which is also a right S-module and
satisfies the following equality for every r € R, s € S and m € M.

r(ms) = (rm)s.
A ring homomorphism is a map f: R — S between rings satisfying

fr+s)=[fr)+f(s), [f(rs)=f(r)f(s) and f(1)=1.
A module homomorphism (of right R-modules) is a map f : M — N between modules satisfying the following
condition for every r € R,m,n € M:

flm+n) = f(m)+ f(n), f(mr)=f(m)r.
Homomorphisms of left R-modules are defined similarly. An isomorphism of rings (resp. modules) is a
bijective ring (module) homomorphism. Two rings (resp. modules) are isomorphic if there is an isomorphism
from one to the other. An endomorphism of a module M is a homomorphism M — M. An automorphism
of M is a bijective endomorphism of M.

We consider homomorphisms of right modules as left operators and homomorphisms of left modules as
right operators. More precisely, if f: M — N is a homomorphism of right (resp. left) R-modules then the
image of m € M by f is denoted fm (resp. mf). If g : N — P is another homomorphism of right (resp.
left) R-modules then the composition g o f is denoted gf (resp. fg).

Often it is not relevant whether we use left of right R-modules and in this case we forget the convention
of the previous paragraph and use the standard notation f(m), for action of f on m.

2.1. Examples [Rings and modules]

1. The most classical examples of commutative rings are the ring of integers, denoted Z, the fields of
rationals, Q, real numbers, R, and complex numbers, C.

Modules over Z are simply abelian groups.

2. An important family of finite commutative rings is the one formed by the ring Z/nZ. Modules over
Z/nZ are abelian groups A satisfying nA = 0.

This example can be generalized to quotient rings R/I with R any ring and I any ideal of R,
formed by the equivalence classes r + I = {r + z : « € I'} of the equivalent relation modulo I (r = s
mod I < r — s € I). The sum and product in R/I are defined in the natural way:

(r+D+(s+1)=(r+s)+1I, (r+ID)(s+1I)=rs+1.
The map r — r + I is a ring homomorphism 7; : R — R/I.

If M right R/I-module then it is also a right R-module with the product mr = m(r + I). In
that case M = 0. Conversely, if M is a right R-module satisfying M1 = 0 then M is also a right
R/I-module with the product m(r + I) = mr. Therefore we can identify right R/I-modules with the
right R-modules M satisfying M I = 0.

3. If M is right R-module and N is a submodule of M then the quotient additive group M/N is right
R-module with the natural product:

(m+N)r=mr+ N, (me€M,r€R).

The map K — K/N is a one-to-one correspondence, preserving inclusion, from the set of submod-
ules of M containing N to the set of submodules of M/N.
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4. If {R; : i € I} is a family of rings then the direct product ]
product.

5. A classical family of example of non-commutative rings encountered in linear algebra are the matrix
rings M, (F'), with F a field and n a positive integers. This example can be generalized to any ring
in a straightforward way.

The upper triangular matrices in M, (R) (i.e. the matrices having 0 below the diagonal) form a
subring of M, (R).

6. Another linear algebra example of rings is the ring of endomorphisms of a vector space. This example
can also be generalized to the ring of endomorphisms of a module where the sum and product is given
in the natural way:

el R; is a ring with the obvious sum and

(f +g)m = fm+gm, (fg)m= f(gm).
If M and N are right R-modules then the set of homomorphism from M to N is denoted Homp (M, N)
(or Hom(Mpg, Ng), or Hom(Mg, N) or Hom(M, Ng), if we want to emphasize that they are right R-
modules). It is an abelian group with the following sum:

(f+g)m=fm+gm, f,g€Hom(Mg,Ng).

The ring of endomorphisms of M is denoted Endr(M) (or End(Mg)). Then Hom(Mpg, Ng) is an
(End(Ng), End(Mg))-bimodule with composition used as product.

In case M and N are left modules, Hom(gM,g N) is a (End(g M), End(gN))-bimodule with reverse
composition used as product.

7. Let R and S be rings, let s Mg be an (S, R)-bimodule and Ny a right R-module. Then Hom(Mpg, Ng)
is a right S-module with multiplication given by (fs)(m) = f(sm). Similarly, if Mg is a right R-
module and gNg is an (S, R)-bimodule then Hom(Mg, Ng) is a left S-module with multiplication
given by (sf)m = s(fm).

Similar structures are obtained using homomorphisms of left R-modules.

8. Let R be aring. Then R is a right and left R-module in the obvious way. We denote the left R-module
as pR and the right R-module as Rp.

Let M be a right R-module. If m € M then the map A, : R — M given by A,,,(r) = mr is an
isomorphism of right R-modules M — Hom(Rg, Mgr) ((Am7)s = A\ (rs) = mrs = Ay (). In case
M = Rp this isomorphisms is a ring isomorphism R 2 End(RRg).

9. Let M be a module and let {N; : i € I} be a family of submodules of M. Then the intersection
NicrN; is a greatest submodule of M contained in all the M;. The smallest submodule containing all
the M; is the sum

Z N; = {Z n;,n; € Ny, for every ¢ and n; = 0 for all but finitely many z} .
i€l iel

We say that {N; : i € I} is independent if N; N}, ,; N; = {0} for every i € I. In this case the
sum Zle N; is usually denoted @;erN; (or Ny @ --- @ Ny if I = {1,...,k}) and called the (internal)
direct sum of {N; :i € I}.

If {M; :i¢€ I} is a family of modules then the cartesian product [];.; M; is a module, with the
natural sum and product. The subset of [, ; M; formed by the tuples having only finitely many
non-zero entries is a submodule called the (external) direct sum of {M; : ¢ € I} (denoted @;erM;
or My & ---® My, in case I = {1,...,k}). The elements of @&;crM; having 0 at all the coordinates
different from the i-th form a submodule N; of M, isomorphic to M; and @;c;M; = ®icrN;. In this
way we may identify external and internal direct sums.

If M; = M for every i then the direct product HieI M; is denoted M7T and the direct sum &;¢7 M;
is denoted M) or simply MP* if I is a finite set with k elements.

10. Let f : R — S be a ring homomorphism. Then Im f = {f(r) : » € R} is a subring of S and
ker f = {r € R: f(r) = 0} is an ideal of R. Moreover, f is injective if and only if ker f = {0}. If
M is a right S-module then M is also a right R-module with the multiplication mr = mf(r). This
R-module is said to be obtained by restriction of scalars.

11. If f : M — N is a module homomorphism then Im f is a submodule of N and ker f is a submodule
of M. Moreover f is injective if and only if ker f = {0}. Furthermore, if f is bijective then f~1! is
also an homomorphism.

Let {M; : i € I} be a family of modules. Then for every i € I there are homomorphisms u; : M; — ®;er M;
and ; : [[,c; My — M;, where 7;((x;)icr) = s and p;(x) is the element of M having z at the i-th coordinate
and 0 at the other coordinates.

If f: @erM; — N is a homomorphism then fu; : M; — N is a homomorphism. Conversely, if
fi + My — N is a homomorphism for every i € I then the map (m;)icr — D_,c; fi(mi) is the unique
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homomorphism f : ®;c;M; — N such that fu; = f; for every i. This gives an isomorphism

(2.2) Hom(@c; M;, N) = [ [ Hom(M;, N).
iel
If f: N — J[,c; M; is a homomorphism then each m;f : N — M; is a homomorphism. Moreover, if

fi : N = M; is a homomorphism for every ¢ € I, then the map n — (f;(n));cs is the unique homomorphism
J N = [l;e; M; such that 7; f = f; for every i. This gives an isomorphism

Hom (N, HM) = [ Hom(N, M)

i€l i€l
Suppose now that M = @;2; M; and N = @7, N;. Then we have
Homp(&i2, M;, &7 N;) = &/, ©]_; Homp(M;, N;).

We can display the elements of ©7; ®7_; Hompg(M;, N;) in matrix form, so that for right modules, we can
identify

HOIIlR(Ml,Nl) HOIHR(M27N1) HomR(Mm,Nl)
(23) H0m3(®;11Mi,@?:1Nj) ) HOI’IlR(Ml,Ng) HOIIIR(MQ,NQ) HomR(Mm,Nl)
Hompg(M;,N,) Hompg(Ms,N,) ... Hompg(M,,, N,)

If moreover we display the elements EszlMi and EBélej as column vectors we can interpret the action of
a matrix on a column vector using the standard matrix arithmetics:

n

L
fl,l f2,1 fm,l T Z’L_l fz,l 3
fiz fa2 oo fm2 96.2 | s g
fl,n f2,n ce fm,n . :

>oimy finmi
In particular we can identify
Hompg(M;,M;) Hompg(Ms, M) ... Hompg(M,,, M)
(2.4) Endp (@, M,) = Homp (M1, Ms) Hompg(Msy,Ms) ... Homp(My, M)
HomR(']'\Zl,Mm) HomR('Z.W'g,Mm) HomR(Mm,Mm)
and
(2.5) Endr(M™) 2 M,,(Endr(M))

For left R-modules we use the transposes of the previous matrices.

Let M be a module and let X be a subset of M. The submodule of M generated by X is the smallest
submodule of M containing X. We will denote this submodule as X R for right modules, and RX for left
modules. The submodule generated by X can be described both as the intersection of all submodules of M
containing X and as the set of R-linear combinations of elements of X. We say that M is generated by X if
it coincides with the submodule generated by X. A module is said to be finitely generated if it is generated
by a finite set and cyclic if it is generated by one element.

A module M is said to be free if it is of the form Rg) for some set I. If M is an arbitrary right R-
module and I is a set M! = Hom(Rg, Mg)! = Hompg(RY), M). This isomorphism maps m = (m;) to the
homomorphism p,, : RO — M mapping (r;)ier € R to Ziel m;r;. The image of p,, is Ziel m; R, the
submodule of M generated by the coordinates of M. If the coordinates of m generates M (for example
I = M and m; = i for every i) then p,, is surjective and hence M is isomorphic to an epimorphic image of
R by the First Isomorphism Theorem. This shows that every module is an epimorphic image of a free
module. It also shows that a module is finitely generated if and only if it is a quotient of R™ for some positive
integer n and it is cyclic if and only if it is a quotient of R.

3. MODULES AS ALPHABETS

Let M be a module. We consider M as the alphabet to construct codes so that we only consider codes
which are submodules of M™ for some positive integer n. More precisely a linear code of length n in the
alphabet M is a submodule of M™. The Hamming weight of an element € M™ is the number w(z) of
non-zero entries of . One specially relevant case is the one on which M = Rg (or grR).

A monomial transformation on M™ is a map f : M™ — M™ of the form

flmy, ... omy) = (@M, - @nMgy),  (M1,...,my,) € M™
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for some o € S, and a1,...,q, € Aut(Mg).

We say that the alphabet M satisfies the extension property (EP for short) for length n if every isomor-
phism f : C; — Cs preserving the Hamming weight, with C; and Cs linear codes of length n on the alphabet
M, extends to a monomial transformation of M™. We say that the alphabet M has the EP if it has the EP
for every length.

In the remainder of the section we construct a module without the EP. For that we fix a finite field F’
with cardinality ¢ and positive integers n and m. Let R = Endp(F™) and M = Homp(F™, F™). Then M is
a left R-module (see Examples 2.1.6). We will show that if n > m then the alphabet M as right R-module
does not have the EP.

We need some preparation. Suppose that n > m and let [ :1 } denote the number of subspaces of F™

q
dimension m. We start proving

|: n ] _ L, if m =0;
m 1q H;n:?)l ;1;::117 if m # 0.

Indeed, the case m = 0 is obvious. Suppose that m # 0 and let ,, ,,, denote the number of lists (v1, ..., vy,)
formed by m linearly independent elements of F™. To construct one of these lists we first select v; € F™\{0},
then vy € F™\ Fvy, v3 € F™\ Fui+Fvg, and so on. Thus we have ¢™—1 options for v1, ¢" —q options for vo and

in general ¢" — ¢! for v;. This gives ay, ,, = Hﬁgl(q” —q"). Two of these lists (vy,...,v,) and (w1, ..., w,)
generate the same subspace of F™ if and only if there is an invertible matrix A = (ai;)1<i,j<m such that
w; = Z;”:l a;jvj. Clearly the number of these invertible matrices is auy m. Thus (vi,...,0m) = (V1,..., V)

gives a surjective map from the set of list with m linearly independent elements of F™ to the set of m-
dimensional subspaces of F", and the preimage of each subspace is a subset with a,, , elements. Therefore

m—1

[ n ] _ Qam :ﬁl " —q _ H it —1
My Ommo g dm ¢ g dmT ol
as desired.
We now prove the following recursion formula for 1 <m < n:
n (M) _ | n— 1 () n—1 n—1+("5) e
(3.6) [qu2 —{ m Lq2 + m—1 qq 2 (I1<m<n-1).

Indeed, using the well known formula m — 1 + (m2—1) = (ml_l) + (m2—1) = ('y) we have

m

[ n—1 } 45+ [ n—1 } o)

[Ty (gm—i-1)
_ @ =) oy _[n]

3.1. Lemma [Cauchy Binomial Theorem] For every positive integer n we have

ﬁ(1+in) = zn: { . Lq(’z"')xm.

=0 m=0



6 ANGEL DEL RiO

Proof. We argue by induction on n with the case n = 1 been an obvious consequence of [ (1) } = [ 1 } =1

and (g) = (%) = 0. For the induction step we use that { IS } = [ Z } =1 for every k and (3.6) as follows
q q

n—1 n—1
[T +4¢x) <Z [ ”n‘ll } q(?)XM> (14¢"1X)

=0
RIS ([ G PO <>) X
q m=1 q q
.

[ nol } g

|

Evaluating X =1 and X = —1 in the formula of the Cauchy Binomial Theorem (Lemma 3.1) we obtain

(3.7) Zn: [ :1 Lq(?) = 2:1:[11(1+qi)

(3.8) SV A O {1’ fn=0;
m;) [qu 0, ifn>0.

3.2. Example [Wood] Let F be a finite field, let n > m > 0 and consider the ring R = Endp(F™) and the
left R-module M = Homp(F™, F™). Then there is a positive integer N and two linear codes Cy and C_ of
MV satisfying the following conditions:

1. one of the coordinates is 0 for all the codewords of Cy but no coordinate is 0 for all the codewords of
C_.
2. There is an isomorphism f : Cy. — C_ preserving the Hamming weight.

By 1, the isomorphism f does not extend to a monomial transformation of MY and hence the alphabet does
not satisfies the EP.

Proof. Let V.= F™ as an n-dimensional vector space over F. Let S = Endr(V). Then M is an (R,S)-
bimodule (see Examples 2.1.6). For every subspace W of V let us fix Ay € S with Im Ay = W. Let

N =I5 A+ ), Ny = g even [ " Lq@”) and N_ =" [ » Lq@”). By (3.7), 2N =

m m=0,m odd

m=0 m

s [ " ] ¢(*) = N\ + N_ and by (3.8) Ny — N_ = 0. Therefore N = N, = N_. Let A: V — V2V
q

be the map associating to each v € V the vector obtaining by putting (din; W) times the element Ay (v)
for each subspace W of V. (Here we have preselected a certain order in the coordinates of V2V so that
we always use the same map Ay in a given coordinate. The order chosen is not relevant but it should
be fixed from the beginning. In that way the coordinates of V2V are parametrized by the subspaces of V'
and each subspace of V' of dimension k parametrizes (g) different coordinates.) Let Ay : V. — VI be the
composition of A\ with the projection on the coordinates parametrized by subspaces with even dimension and
A_ : V — V¥ be the composition of A with the projection on the coordinates parametrized by subspaces with
odd dimension. We now construct two homomorphisms of left R-modules g,,g_ : M — M associating
each f € M = Homp(F™, V) with the vector formed by the compositions fAy, with W of even dimension
for gy and W of odd dimension for g_.

We claim that w(g+(f)) = w(g—(f)). Indeed, each coordinate of g (f) or g_(f) is of the form f o Ay
and it is zero if and only if W C ker f. Thus if we set

SOW) = 0, if W Ckerf;
)1 W Zkerf.
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and u = dimker f, then u > 0 because n > m and

wge(f) —wlg—(f) = D (=)W g" 5w
w<v
= Y (it - 3T (cptimw (M)
w<v W <ker f
S EURFCE yE PR
k=0 q k=0 q

by (3.8). This proves the claim.

Moreover, if f # 0 then there fAy # 0 and hence either g, (f) # 0 or g_(f) # 0. Actually both are
non-zero because they have the same Hamming weight. This shows that g4 and g_ are injective and hence
the map g4 (f) — g—(f) is a well defined homomorphism preserving the Hamming weight from Cy = Im g4
to C_ =Im g_. One of the coordinates is zero for all the elements of C, namely the one corresponding to
W = 0. However, no coordinate is zero for all the elements of C_. Indeed, each coordinate of the codewords
of C_ is parametrized by one non-zero subspace W of V' (of odd dimension). If w € W\ {0} then there is
f € M with f(w) # 0. Then the coordinate of g, (f) parametrized by W is f o Ay # 0. This finishes the
proof. O

4. SEMISIMPLE RINGS AND MODULES

Let M be a module (whether it is left of right module it is irrelevant for the moment and only in case it
is relevant the side we will mention it). If M = {0} then we denote M = 0 and it has a unique submodule,
namely M. Otherwise it has at least two different modules, namely M and 0. We say that M is simple if it
has exactly two submodules. A module is said to be semisimple if it is a sum of simple submodules.

4.1. Lemma [The Schur’s Lemma| Let M and N be two simple modules. If f : M — N is a non-zero
homomorphism then f is an isomorphism. If M is a simple module then Endr(M) is a division ring.

Proof. Let f: M — N be a non-zero homomorphism. Then Im f # 0 and ker f # M. As 0 and M are
the only submodules of M and 0 and N are the only submodules of N, we have Im f = N and ker f = 0.
Therefore f is bijective and hence it is invertible. O

An obvious consequence of the Schur Lemma (Lemma 4.1) is that if M and N are two simple modules
then either M = N or Hompg (M, N).

4.2. Proposition Let M = Zle S; with each S; a simple submodule of M and let N be a submodule of
M. Then

1. There is a subset J of I such that M = N ® ®;c;S;. In particular, there is a submodule P of M such
that M = N & P.

2. There is a subset J of I such that M = ©;e5;.

3. Fvery simple submodule of M is isomorphism to some S;.

4. N and M/N are semisimple.

5. A direct sum of semisimple modules is semisimple.

Proof. 1. Let ¥ be the set formed by the subsets J of I for which the family {N,S; : j € J} is independent.
This is set is inductive because the union of a totally ordered subset of 3 also belongs to ¥. By the Zorn’s
Lemma, ¥ has a maximal element, say J. We claim that M = N @ @;c;5;. Otherwise there is some i € I
such that S; Z N @ @;es5;. As S; is simple we have S; N (N & @;¢cs5;) = 0 and then it is easy to see that
JU{i} is a subset of ¥ properly containing J. This contradicts the maximality of J and finishes the proof.

2 is a direct consequences of 1 for N = 0.

3. Let S be a simple submodule of M then M =S ® P = P @ @©,c;95; for some submodule P of M and
some J C I. Then S = M/P = &;c;5; and this implies that J has cardinality 1 and S is isomorphic to M;
it J={j}.

4. Clearly M/N =3, ;(N + S;)/N and every (N + S;)/N is either 0 or simple. Eliminating the zero
summands we deduce that M/N is semisimple. Moreover, by 1, M = N @ P for some submodule P of M.
Then N = M /P and hence N is semisimple.

5 is obvious. |

Let M be a semisimple module. By Proposition 4.2.2, M is a direct sum of simple modules. We can group
the direct summands by isomorphisms classes, so that M = ST @ --- @& S;"* with S;, 22 .5;, for i1 # is. The
following proposition describes isomorphism classes between semisimple modules.
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4.3. Proposition Consider semisimple modules
MM @My, and NEZN H---DN,

where each M; and each N; is simple. Then M = N if and only if m = n and there is 0 € S,, such that
M; = Ny

Proof. The sufficient condition is clear. Suppose that M and N are isomorphic. We may assume without
loss of generality that 0 < m < n. We argue by induction on m. The case m = 0 is obvious. Suppose m > 1
and he induction hypothesis. Let f : M — N be an isomorphism. Let u; : M; — M and m; : N — N;, the
canonical embedding and projection. Let M/ = f~1(M;) for every i = 1,...,n. Then M = []"_, M/ and each
M is simple. Moreover, by Proposition 4.2.1, there is J C {1,...,m} such that M = EB?:_llMJ’- D DjesM;.
Then M/, = M/ @' M! = ©;c;M;. As M/, is simple, |.J| = 1. By permuting the N; one may assume that

i=1
J = {m}. Then N,, = M/, = M,, and M/ @} M! = M/M,, = @' M;. By the induction hypothesis
m —1=mn—1 and after a permutation one may assume that N; & M/ = M, for every i. O

Proposition 4.3 also holds for semisimple modules which are infinite direct sums of simple modules (see
e.g. [Pie82, 2.5]). This shows that if {S; : i € I} is a set of representatives of the isomorphism classes of
simple right R-modules, then every semisimple right R-module M has a unique expression as M =2 @;¢ ISi(O“)
for some cardinals a;. Then «; is called the the multiplicity of S; at M.

4.4. Theorem [The Wedderburn-Artin Theorem| The following conditions are equivalent for a ring:

1. The left module rR is semisimple.
2. The right module Rg is semisimple.

3. There are division rings D1, ..., Dy and positive integers ny,...,ny such that
(4.9) R=M,, (Dy)x - x My, (Dy).
Proof. 3 implies 1 and 2. Suppose that R = M,,, (D) x -+ X M,, (Dy) with D; a division ring and n; a
positive integer for every ¢ = 1,...,k. For every i = 1,...,k and every j = 1,...,n; let Cj; be the subset of

R formed by the elements for which all the non-zero entries are at the j-th column of M, (D;) and let R;;
be the subset formed by the elements of R with all the non-zero entries are at the j-th row of M,,,(D;). It
is easy to see that R = @}, @7, Cyj = @i, @1, Rij, that each Cy; is a minimal left ideal of pR and Ri;
is a minimal right ideal of Rr. Thus g R and Rp are semisimple. This proves that 3 implies 1 and 2.

2 implies 3 and 1 implies 3. By symmetry we only prove the first. Suppose that Rp is semisimple. By
Proposition 4.2.2, Rp = ®;c1.5; for some simple right ideals of R. We claim that I is finite. Indeed, there is
a finite subset J of I such that 1 =3, ;s;. If s € S; withi & Jthens=1s =3, ;s;s € SNY ;5 =0.
Thus S; = 0, which yields a contradiction because S; is simple. This shows that J = I, so that I is finite,
as claimed. Grouping the S; which are isomorphic we have R = @leMi and M; = ?;1Tij with each R;;
a simple right ideal of R and T;,;, = T;,;, if and only if 41 = ip. Thus, if T; = T}, then

HomR(Tlilh ) T%zjz) = {07 lf %1 7& 1.2’ .
Endg(T;) = D; if iy =iy =4;

and each D; is a division ring by the Schur’s Lemma (Lemma 4.1). By (2.5), we have

0, if i # j;

Homp(M;, M;) =
OmR( 79 J) {El’ldR(Ml) o~ EndR(T;’ﬂq) o Mn1<D1) ifi = ]

By (2.4),
Homp(M;, M) Hompg(Ms, My) ... Hompg(My, M) .
R%End(RR) o HOmR(Ml,Mg) HOmR(Mg,Mg) HOmR(Mk,Ml) _ HMm(Dl)
HOHIR'(Ml,Mk) HOHIR.(MQ,M]C) HOHIR.(M}“MZ) =1

]

If Rr (equivalently pR) is semisimple then we say that R is a semisimple ring. If R is a semisimple
ring then the expression of R as in (4.9) is called the Wedderburn decomposition of R. The direct factors
M, (D;) are called the Wedderburn components of R. The proof of Theorem 4.4 shows that if the Wedderburn
decomposition of R is as in Theorem 4.4.3 then R has exactly k simple left R-modules up to isomorphism
and k simple right R-modules up to isomorphisms. Moreover, one can take Cfq,...,C} as representatives
of the simple left R-modules, where each C; is one column of M,,(D;). Similarly, taking one row R; of
each Wedderburn component M, (D;), we obtain a set Ri,..., Ry of representatives of the simple right
R-modules. Moreover gR = @F C" and Rr = &k | R}
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In case R is finite the all the division rings are finite and hence they are fields by the following well known
theorem of Wedderburn.

4.5. Theorem [Wedderburn] Every finite division ring is a field.

Suppose that R is a semisimple ring. The proof of Theorem 4.4, as well as Proposition 4.2.3 shows that
if S1,...,S) are representatives of the minimal right ideals up to isomorphisms then R = S* @ --- @ S;'*
for some unique positive integers nq,...,ng. Furthermore R has exactly k£ isomorphism classes of minimal
left ideals, say T,..., T and R = T{" @ --- @ T;"* (for the same positive integers). Moreover, every right
R-module is a direct sum of copies of S;’s and every left R-module is a direct sum of 7}’s. This is clear for
free modules and then it is true for all modules because every module is a quotient of a free module. This
proves

4.6. Corollary If R is a semisimple ring then every R-module is semisimple and every right (left) simple
module is isomorphic to a minimal right (left) ideal of R.

5. THE SOCLE AND THE JACOBSON RADICAL

Let M be a module. The socle of M, denoted Soc(M), is the sum of all simple submodules of M. Clearly
Soc(M) is the unique maximal semisimple submodule of M. In general, it could occur that Soc(M) = 0 but
in this case M must be infinite.

Let N be a submodule of M. The the map K — K/N gives a one-to-one correspondence from the set
of submodules of M containing N to the submodules of M/N. Then M/N is simple if and only if N is a
mazimal submodule of M, i.e. N and M are different and they are the only submodules of M containing N.
The annihilator of M is

Ann(Mpg) ={r € R: Mr =0}.
Clearly Ann(Mpg) is an ideal of R. Therefore if S, denotes the class of all simple right R-modules of R then

rad(Rgr) = ﬂ Ann(Sg)
SeS,

is a two-sided ideal of R. Similarly

rad(rR) = ﬂ Ann(Sg)
SeS;
where S; denotes the class of simple left R-modules. Actually, rad(Rr) = rad(rR) (see [Pie82, Proposi-
tion 4.3]). This ideal is called the Jacobson radical of R and it is usually denoted J(R). If M is a semisimple
right R-module then M J(R) = 0 and hence we can see M as a right R/J(R)-module.

We can give an alternative description of J(R). If M is a module then a mazimal submodule of M is a
submodule N of M which is maximal among the submodules of M different from M. By Examples 2.1.3, N
is a maximal submodule of M if and only if M /N is simple. The mazimal right ideals of R are the maximal
submodules of Rr. Maximal left ideals are defined similarly.

5.1. Proposition J(R) is the intersection of the maximal left ideals of R and it is also the intersection of
the right ideals of R.

Proof. By symmetry it is enough to prove the first statement. Let J be the intersection of the maximal right
ideals of R. Let M be a maximal right ideal of R. Then S = R/M is a simple right R-module. Therefore
0=SJ(R)= (M + J(R))/M and therefore J(R) C M. This shows J(R) C J.

If S is a simple right R-module and s € S\ {0} then S = sR and hence the maps p, : R — S, associating
r with sr, is surjective. Thus S = R/ ker ps; and hence ker p is a maximal ideal of M. Thus J C ker ps and
hence SJ = 0. This shows J C J(R). O

It is easy to see that if R is semisimple then J(R) = 0. Furthermore, by the description of left and right
ideals of R/J(R) it is clear that J(R/J(R)) = 0. For finite rings we have

5.2. Proposition If R is a finite ring then R is semisimple if and only if J(R) = 0. In particular R/J(R)
18 semisimple.

Proof. Suppose that J(R) = 0. Then there are maximal right ideals I,..., Iy of R with I; N---NI; = 0.
Then the map r — (r+1I,...,7+I;) is an injective homomorphism R — @©F_| R/I;. As each R/I; is simple,
we deduce that R is semisimple by Proposition 4.2. O

5.3. Remark Assume that I is an ideal of R with R/I semisimple. Then J(R/I) = 0 and hence the
intersection of the mazimal ideals of R containing I is precisely I. Therefore J(R) C I.
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F
0 F

Then J(R) = ( 8 lg ) Soc(Rp) = ( 8 ? ) and Soc(rR) = ( 5 5 )

Proof. Clearly, I; = < BoF > and I, = ( 0 F ) are maximal right ideals of R. Therefore J =

5.4. Example Let F be a field and consider the ring R = of upper triangular 2 X 2 matrices.

0 0 0 F
( 8 g ) C J(R). On the other hand R/J = F x F, which is semisimple. Thus J = J(R) by Remark 5.3.
F

Clearly J(R) is a minimal left ideal and a minimal right ideal. Moreover, J; = ( ) is a minimal

0 0
left ideal and Jy = 8 2, ) a minimal right ideal. Therefore I; = J; + J(R) C Soc(gR) and I, =
Jo+ J(R) C Soc(Rg). As R is not semisimple and I; and 5 are maximal we deduce that I; = Soc(gR) and
_[2 = SOC(RR). O

By Example 2.1.2, the right R/J(R)-modules can be identified with the right R-modules M such that
MJ(R) = 0 and these are precisely the semisimple modules of R. Thus, the number of isomorphism classes
of right R-modules coincides with the number of isomorphisms classes of right R/J(R) which is also the
number of simple components of R/.J(R). Using this it is easy to prove the following

5.5. Lema Let R be a finite ring and let M be a semisimple module. Then M is cyclic if and only if for
every simple R-module S, the multiplicity of S in M is at most the multiplicity of S in R/J(R).

5.6. Lemma If R is a finite ring and M is a finite non-zero right R module then M J(R) # M.

Proof. As M is finite, it has a maximal submodule N (i.e. a submodule maximal among the submodules
different from M). Then M/N is simple and hence (M/N)J(R) = 0. Therefore MJ(R) C N C M' and
therefore M J(R) # 0. O

The following is an obvious consequence of Lemma 5.6.
5.7. Corollary If R is a finite ring then J(R)™ = 0 for some n.

Let R be a finite ring and let € R such that 2 = 0 for some n > 1. Then (1 +z)(1 — 2 + 22 —--- +
(=) 1z"71) =1, so that 1 + = € U(X). If u € U(R) and z € J(R) then v~z € J(R) and therefore
(u=tz)™ = 0 for some n. Therefore u + x = u(1 4+ u~1z) € U(R). This shows that

(5.10) U(R) + J(R) CU(R).

6. INJECTIVE MODULES

Let R be aring and let £ be and M be a R-modules. We say that E is M-injective if for every submodule
N of M and every homomorphism f : N — E there is a homomorphism f : M — FE extending f, i.e.
f(n) = f(n) for every n € N. One says that F is injective if it is M-injective for every module M.

6.1. Proposition Let {E; : i € I} be a family of modules and let M be a module. Then [[;c; E; is
M -injective if and only if F; is M-injective for every i € I.

Proof. Let E =[];c; Ei.

Suppose that each FE; is M-injective. Let N be a submodule of a module M and let f : N — FE be a
homomorphism. For every ¢ € I let m; : E — E; be the projection on the i-th coordinate and let f; = 7, f.
As E; is injective there is a homomorphism ¢; : M — FE; such that g;(n) = m; f(n) for every n € N. Let
g : M — E be the unique homomorphism satisfying m;g = g; for every i. Then m;g(n) = g;(n) = m; f(n) for
every n € N and hence g(n) = f(n) for every n € N. This shows that E is M-injective.

Conversely, assume that F is M-injective and let f : N — FE; be a homomorphism. Let u; : E; — E be the
natural embedding of E; into the i-th coordinate of E. As E is M-injective Then there is a homomorphism
g : M — FE such that g(n) = p;f(n). Then m;g(n) = mp; f(n) = f(n). Thus E; is N-injective. O

6.2. Proposition Let E be a module.

1. If E is M-injective and N is a submodule of M then E is M /N -injective.
2. Let {M; :i € I} be a family of modules. If E is M;-injective for every i € I and every j € J then E
18 Dic1 M;-injective.

L denotes proper inclusion.
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Proof. 1. Suppose that E is M-injective. Every submodule of M/N is of the form K /N for some submodule
K of M containing N. Let f : K/N — M be a homomorphism with K as above. Let 7 : M — M/N be the
canonical homomorphism and let 7x : K — K/N denote its restriction to K. As E is M-injective, there is
a homomorphism ¢ : M — E with g(k) = frg(k) for every k € K. Then f(N) = 0 and hence there is a
homomorphism g : M/N — E with gr = g. Therefore G(k + N) = grg (k) = g(k) = frx (k) = f(k+ N) for
every k € K. This shows that E is M /N-injective.

2. Suppose that E is M;-injective for every 7 € I. Let M = ®;crM;, let N be a submodule of M and
let f: N — E be a homomorphism. Using Zorn’s Lemma we may assume that N is maximal in the set of
submodules of N7 of @&;c; M; for which there is a homomorphism N; — E extending f. It is then enough to
show that under this maximality assumption N = M. By means of contradiction we assume that N # M.

For every i € I let p; : M; — M be the embedding of M; into the i-th coordinate. As N # M thereis j € I
such that p;(M;) € N. Let g : u;l(N) — E be given by g(m) = fu;(m) for m € u;l(N). By assumption,
there is h : M; — E such that h(m) = g(m) for every m € Mj*l(N). Let hy : Ny = N + p;(M;) — E be
defined by

hi(n+ pi(m)) = f(n) + h(m), (ne N,me M;).
This is well defined because if ny + p1;(m1) = na + pj(m2), with ny,ne € N and mq,me € K then ny —ng =
ti(me —mq) € N and hence mg —my € uj_l(N). Then f(ni) — f(n2) = f(n1 —n2) = fuj(me —my) =
g(ma—mq) = h(mga—my) = h(ms) —h(mq) and hence f(n1)+h(my) = f(na)+h(ms). As hy extends f and
N is properly contained in N7, we obtain the desired contradiction from the maximality assumption. O

6.3. Theorem [Baer’s Criterion of Injectivity] Let R be a ring and let E be a right R-module. Then E is
injective if for every ideal I of R and every homomorphism f : I — E there is m € M such that f(x) = mx
for every x € I.

Proof. Every homomorphism Rp — M is of the form r +— mr for some m € M. Thus the property that for
every ideal I of R and every homomorphism f : I — F there is m € m such that f(z) = ma for every x € T
means precisely that F is R-injective. Then, by Proposition 6.2, E is M injective for every quotient M of
every free module. As every module is of this form we deduce that E in injective. ]

Applying Baer’s Criterion to the case where R = Z we obtain the following;:

6.4. Corollary A Z-module (i.e. an abelian group) M is injective if for every m € M and every positive
integer n there is n € M with m = dn.

Using Corollary 6.4 we deduce.
6.5. Example Q and Q/Z are injective Z-modules.

If f: M — N is a homomorphism of modules and F is a module then the following map is a homomorphism
of abelian groups:

Hom(f, E) : Homgr(N,E) — Hompg(M,FE)
¢ = ¢of.
Hom(—, E) defines a contravariant functor from the category of modules to the category of abelian groups,
ie.
Hom(g o f, E) = Hom(f, E) c Hom(g, E) and Hom(1l,/,FE) = IEnd )
for every module M and every “composable” homomorphisms f and g. A sequence of homomorphisms of

modules
"'—>Mi,1 E)MZ L)J\Iﬁ,l — ...
is said to be exact if ker f; = Im f; for every 7. For example, if f : M — N is a homomorphism, then f is

injective if and only if 0 — M 7 N is exact. Similarly f is surjective if M T N 5 0is exact. A short
exact sequence is an exact sequence of the form

0—->M —-M-—M"—0
6.6. Proposition If
0> M 5 MmS M o0
is a short exact sequence then
0 = Homp(M", E) "% Homp (M, E) "% Homp (01", E)

18 exact.
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Proof. As g is surjective, if go ¢ = g o1 then ¢ = 1. This shows that Hom(g, E) is injective. Moreover
Hom(f, E) o Hom(g, E) = Hom(g o f,E) = Hom(0, E) = 0 and therefore Im Hom(g, E') C ker Hom(f, E).
Assume that ¢ € kerHom(f, E). Then ¢ o f = 0, and therefore kerg C Im f C ker¢. Thus the map
P M" — E given by ¢(z) = ¢(y) if = g(y) is a well defined homomorphism. Indeed, if z = g(y1) = g(y2)
then y; —ya € ker g C ker ¢ and hence ¢(y1) = ¢(y2). It follows easily that ¢ € Homg(M", FE) and ¢ = ¢og.
This shows that ¢ € Im Hom(g, E) and finishes the proof. a

By Proposition 6.6, E is injective if and only if Hom(f, E) is surjective for every injective homomorphism
f or R-modules if and only if Hom(—, E') maps short exact sequences to short exact sequences.

Given an abelian group A let A* = Homy(A,Q/Z) and given a homomorphism f of abelian groups let
f* = Hom(f,Q/Z). For every abelian group A, A* is an abelian group and for every homomorphism f of
abelian groups, f* is s group homomorphism.

In case R is a ring and M is right R-module then, considering M as an (Z, R)-bimodule, we can see M*
is a left R-module (see Examples 2.1.7). Similarly if M is a left R-module then M* as a right R-module. If
f is a homomorphism of modules then so is f*. Clearly R* is an (R, R)-bimodule.

6.7. Lemma For every R-module there is an isomorphism of abelian groups ®p; : Homg(M, R*) — M*
such that if f: M — N is a homomorphism of R-modules then the following diagram is commutative

Hom(f,R™)

Homp(N, R*) —= Hompg (M, R*)
DN \l, \L(I)M
N* AN M*

Proof. We define @), by setting ®pr(f)(m) = f(m)(1) for m € M and f € Homgr(M, R*). We also define
Uy M* — Homp(M, R*), by setting ®(g)(m)(r) = g(mr) for m € M, r € R and g € M*. The reader can
easily check that ®3; and ¥, are homomorphisms, that they are inverse to each other and that the diagram
is commutative. (]

6.8. Proposition If R is a ring then R* is injective as left and right module.

Proof. By symmetry it is enough to prove the right version. Consider a short exact sequence of right
R-modules

0— M1 — M — M2 —0
By Lemma 6.7 we have a commutative diagram which vertical isomorphisms

0 — Homp(My,R*) — Homp(M,R*) — Homgz(M,R*) — 0

+ i +
0 — M5 — M — My - 0

By Example 6.5, Q/Z is injective as abelian group and hence the lower sequence of the diagram is exact.
Then the upper sequence is exact too. This shows that R* is injective as right R-module. O

The following proposition shows a connection between the EP and a condition closely related to injectivity.

6.9. Proposition [DLP04] Let R be a finite ring and let M be a finite module. Then the following conditions
are equivalent.

1. M has the EP for length 1.

2. Every isomorphism f : Cy — Cs for Cy and Cy linear codes of length 1 in the alphabet M extends to
an automorphism of M.

3. Bvery injective homomorphisms C' — M for C a submodule of M extends to an automorphism of M.

4. Every injective homomorphisms C' — M for C a submodule of M extends to an endomorphism of M.

Proof. 1 & 2 < 3 = 4 are all obvious.

4 = 3. Suppose that M satisfies condition 4 and let f : C — M be an injective homomorphism with
C a submodule of M. Then Soc(M) is semisimple and Soc(C) is a submodule of Soc(M). Then, by
Proposition 4.2.1, Soc(M) = Soc(C) @ N for some submodule N of Soc(M). As Soc(M) is semisimple, so is
N and hence NNC C N NSoc(M) = 0. Therefore there is a unique homomorphism f; : C;y =C®N — M
with such that f; acts as the f on C and as the identity on N. By hypothesis f; extends to an endomorphism
g of M. Then Soc(ker g) C Soc(M) Nkerg = Soc(Cy) Nkerg C C; Nkerg = 0. Then Ker g = 0, because
ker g is finite. Therefore g is an injective endomorphism of M. As M is finite g is also surjective and hence
g is an automorphism. O

A module M satisfying the conditions of Proposition 6.9 is said to be pseudoinjective.
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7. CHARACTERS OF FINITE ABELIAN GROUPS

In this section A is a finite abelian group which we denote additively. Recall that A* = Hom(A, Q/Z)(=
Homg(A,Q/Z). Moreover, for a homomorphism of abelian groups f : A — B let f* = Homgz(f,Q/Z) :
B* — A*.

7.1. Proposition Let A and B be finite abelian groups. Then
1. There is an isomorphism A : A — A* satisfying

(7.11) Aa)(b) = A(b)(a) (a,b € A).

Hence |A] = |A*|.
2. The map @4 : A — A*™ defined by

Pa(a)(x) = x(a) (a€AxeA).
18 a group isomorphism such that for every homomorphism of abelian groups f : A — B the following
diagram is commutative:
A4 L B
Dyl 1 ®p

Proof. 1. Assume first that A is cyclic. Then A = Z/nZ for some non-negative integer n and we may assume
without loss of generality that A = Z/nZ. Then, the map A : A — A* given by A(i + nZ)(j + nZ) = % +Z
is an injective group homomorphism satisfying (7.11). If x € A* then y is determined by x(1). As nl =0,
necessarily ny(1 ) = 0 and hence x(1) = % + Z for some integer i = 0,1,...,n — 1. Then x(j + nZ) =
Jx(M+nZ)=j(;: +7Z)= ’j +Z = Xi+nZ)(j+nZ). Thus x = A(i +nZ). This shows that A is surjective
and therefore it is an 1som0rphism.

Suppose now that A and B are two finite abelian groups and A4 : A — A* and Ap : B — B* are
isomorphisms satisfying (7.11). Then A(ai,b1)(az2,b2) = Aa(a1)(az) + Ap(b1)(b2) defines an isomorphism
A: A X B — (A x B)* satistying (7.11).

In the general case A = Ay x - - - X Ay, with each A; cyclic. Arguing by induction on k with the conclusions
of the two previous paragraphs we deduce that there is an isomorphism A : A — A* satisfying (7.11).

2. Proving that ® 4 is a group homomorphism and that the diagram is commutative is straightforward.
To show that ® is injective we write A = (a1) X -+ x {ay), and assume that a; has order d;. f 0 £ a € A
then a = Zf 1 €ia; with 0 < e; < d; and some e; # 0. Then the map x : A — Q/Z associating Zf 1 T
with %2 + Q/Z is an element of A* with ®(a)(x) = x(a) = 5 L +Z # 0. Thus @ is injective and hence it is a
leeCthH because A and A** have the same cardinality, by 1 O

So far we have used additive notation for all the abelian groups. However we need now to use the
multiplicative group U(C) and we use also multiplicative notation for the group Hom(A4,U(C)), so that if
f,g € Hom(A,U(C)) and a € A then (fg)(a) = f(a)g(a). The map x +— €2™* is a group homomorphism
from the additive group of Q — U(C). The kernel of this homomorphism is Z and hence it induces an
injective homomorphism

®:(Q/Z,+) = U(C).
Therefore we have a group homomorphism
®, : A* =Homy(A,Q/Z) — Hom(A,U(C))
/ > fo=dof

We claim that @, is an isomorphism. Indeed, if x € Hom(A,U(C)) then Im x C Im ® = Set of roots of
unity of C. As ® is injective, there is a unique f € Homz(A,Q/Z) with x = ® o f = f,.
Let C# be the set of maps A — C endowed with a structure of vector space over C with the Hermitian

product
1.9 = =3 fa

a€A
In particular the elements of the form ¢, with ¢ € A* belong to C*.

7.2. Proposition Let A be a finite abelian group. Then

1. If x € A* then
E:x*(a)={|0| .

otherwise.
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2. If a € A then
Al, ifa=0;
ZM(@{L' /

otherwise.
XEA*
3. {x«: f € A*} is an orthonormal basis of CY.

Proof. 1. Let x € A*. If x = 0 then x.(a) = 1 for every a € A and hence ) ., x«(a) = |A|. Suppose
otherwise that x # 0. As x.(A) is a finite subgroup of a field, it is cyclic, say generated by ¢ = x.(b), and
suppose that ¢ has order n. Then n > 1, because x # 0, and hence Z?:l ¢* = 0. Moreover, [A:kerx] =n
and 0,b,2b,...,(n — 1)b is a set of representatives of A/ker x. Therefore, every element of A has the form
ib+cwith:i=0,1,...,n—1 and ¢ € ker x. Thus

ZX(CL)ZZ_: > x(ia+6):|kerx|i:ci=0.
=0

acA i=0 c€ker x

2. Let a € A. Let @ : A — A™ be the isomorphism of the proof of Proposition 7.1.2. Then ®(a) = 0 if
and only if a = 0. By 1, applied to A* we have

doxela) = ®a).(x) = {lA*I =4, ifa=0;

YEA* reax 0, otherwise.

3. Let x,¢ € A*. As ¢.(a) is a root of unity, ¢.(a) = ¢.(a)~!. As the map x — Y. is a group
homomorphism form the additive group of A* to the multiplicative group Hom(A,U(C)), we have (X, ¢s) =

TAT Laea Xe(@)¢u (@)™ = 5 35 c 4 (X — ¢)«(a). Then, by 1,

L ifx =4
(s @) = {0, otherwise.

This shows that the elements of {x. : x € A*} are orthonormal. As its cardinality coincides with the
dimension of C# they form an orthonormal basis. O

Let B be a subgroup of A and let 7 : A — A/B be the natural homomorphism. If ¢ € (4/B)* then
¢pom e A*. Moreover, ¢ — ¢ o defines an injective group homomorphism (A/B)* — A* whose image is

(A*:B)={x € A" : B C ker x}.
Therefore
(A/B)* = (A" : B).
Thus, B # 0 if and only if |[A/B| < |A| if and only if |(A* : B)| < |A*| if and only if B ¢ ker x for some
x € A*. This proves the following:

7.3. Lemma Let A be a finite abelian group and let B be a subgroup of A. Then B # 0 if and only if
X(B) # 0 for some x € A*.

Recall that if R is a ring then R* is an (R, R)-bimodule.
7.4. Lemma Let R be a finite ring and let r € R. Then r = 0 if and only if rR* = 0 if and only if R*r = 0.

Proof. By Lemma 7.3, rR* = 0 if and only if x(Rr) = 0 for every x € R* if and only if Rr = 0 if and only
if » = 0. Similarly R*r = 0 if and only if » = 0. (]

8. THE EXTENSION PROPERTY FOR MODULE ALPHABETS

Let R be a finite ring. A Frobenius R-bimodule is an (R, R)-bimodule M such that pRM = rR* and
Mp = R},. Clearly R* is a Frobenius R-bimodule. Let M be a Frobenius R-bimodule. Then |M| = |R*| = |R|
and pRM* = R*™ = R and M}, = Rp. Therefore M* is cyclic both as left and right module. A left (resp.
right) generator of M* is an element x € M™* such that the unique homomorphism of left (resp. right)
R-modules R — M* mapping 1 to x is an isomorphism. The following proposition characterizes the left and
right generators of M.

8.1. Proposition Let R be a finite ring, let M be a Frobenius R-bimodule and let x € M*. Then the
following conditions are equivalent:

1. x is a left generator of M*.

2. x 18 a right generator of M*.

3. ker x does not contain any non-zero submodule of R M.
4. ker x does not contain any non-zero submodule of Mpg.
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Proof. Suppose that x is not a left generator. Therefore the map R — M™* given by r — ry is not an
isomorphism. As R and M* have the same cardinality this means that there is r € R\ {0} with rx = 0.
Thus x(Mr) = (rx)(M) = 0. Therefore Mr C ker x. Hence Mr is submodule of g M contained in ker x. If
f: M — R*is an isomorphism then R*r = f(Mr). By Lemma 7.4, R*r # 0 and hence Mr is a non-zero
submodule of ker y. This proves 3 implies 1. 4 implies 2 is proved similarly.

Suppose that x is a left generator of M* and let N be a submodule of My contained in kery. Let
¢ € M*. As x is a left generator there is r € R such that ¢ = rx. Then ¢(N) = (rx)(N) = x(Nr) = 0.
Therefore N C ker g for every ¢ € M*. By Lemma 7.3, N = 0. This proves 1 implies 4. 2 implies 3 is proved
similarly. O

8.2. Lemma Let R be a finite ring and let M be a finite left R-module. Let my,my € M such that
Rmy = Rmsy. Then there is u € U(R) such that ma = um; .

Proof. Suppose fits that R = M,,(F) with R a field and let S be the first columns of R (i.e. the subset of R
formed by the elements having all the non-zero entries in the first column). Then R is semisimple and S is
the only simple left R-module up to isomorphisms. Then we may assume that M = S™ for some positive
integer m. Then we may identify M with M, ,,,(F') and in fact we may identify R with End(F}) and M with
Hom(F, Fi). The assumption Rm; = Rmgy implies that my and mgy have the same image, say V. By the
properties of vectors spaces there is a subspace W of F™ such that F™ = V@& W. Let u be the automorphism
of F" given by umi(xz) = ma(x) for every € F™ and u(w) = w for every w € W. The reader should check
that u is well define. Clearly v € U(R) and um; = mao.

Suppose next that R is semisimple. Then R = M, (F1) x --- x M,, (Fy), with F; a field for every 4, by
the Wedderburn-Artin Theorem (Theorem 4.4) and the Wedderburn Theorem (Theorem 4.5). Let e; denote
the identity of the i-component M, (F;) of R. Then 1 =e; +- -+ e, M = egM @ --- @ e, M and each
Me; is a left Re;-module (with Re; & M,,(F;)). As each e; commutes with all the elements of R we have
Re;m; = e;Rmy = e;Rmy = Re;my. By the previous case, for every i = 1,...,k there is u; € U(Re;) with
w;e;my = u;e;mo. Then u = Zle u; is a unit of R and um; = Zle ue;m; = Zle w;e;my = Zle €My =
mo, as desired.

Finally, consider the general case and consider N = Rm; /J(R)m; asleft R/J(R)-module. Then R/J(R)(m+
J(R)my) = R/J(R)(mz + J(R)m1) and hence there is u; € R and z € J(R) such that ma — uymq = zmy
and u; + J(R) is invertible in R/J(R). Then wjus = 1+ y with y € J(R) and hence u; € U(R) and
u=u; +x €U(R), by (5.10), and mg = um;. O

8.3. Theorem [GNWO04] Let R be a finite ring and let M be a Frobenius R-bimodule. Then Mg has the EP.

Proof. Let Cy and Cj be linear codes of M7 and let f : C1 — C be an isomorphism preserving the Hamming
weight. Let m; : M™ — M Dbe the projection onto the i-th component for + = 1,...,n and let \; be the
restriction of m; to C7 and p; the restriction of A\;f to Cy. By Proposition 7.2.1, for every x € Cp, we have

812) Y xuz) = [Mw@) = [Mlw(fz) =Y Y x(ifr) =D D xulpn).
=1 xeM* i=1 xeM* i=1 xyeM*

Let ¢ be aright generator of M*. Then (8.12) can be rewrittenas > | > cp(or)(Niz) = 300 1 > cp(or)« (i)
or equivalently

(8.13) DD bulrhiz) =D bulrmin).

i=1reR i=1reR
We claim that (8.13) implies that there are o € S, and uy,...,u, € U(R) such that A\, = up; for
every i = 1,...,n. We argue by induction. Actually the same argument is valid for the case n = 1 and

the induction step. Every map «;, :  +— ¢.(rA;x) and every map 3;, : & — ¢.(ry;x) is an element of
Hom(Cy,U(C)). Thus, if CF = {¢1,...,9x} then we can express (8.13) as a linear combination of the v;,
where the coeflicient of v, in the right (left) side coincides with the number of ;. (8;.) equal to ;..
Actually, 914, ..., %k are linearly independent over C, by Proposition 7.2.3, and hence the coefficients on
both sides coincides. This implies that for every ¢ = 1,...,n and r € R there is at least one j =1,...,n and
one s € R such that o, = B;,s.

Consider the left R-module Hom(C4, M) with the following equivalent relation

A~ e X =upy for some u € U(R)
and the following reflexive and transitive relation
A= pu<s A=ru for some r € R.

Then ~ and < are compatible and hence < induces a reflexive and transitive relation in X = Hom(Cy, Mg)/ ~.
Lemma 8.2 implies that this relation is also antisymmetric, i.e. the induced order < in X is a partial order.
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Thus among the ~-classes of the maps A1,..., Ay, pi1,- .., by, there is one maximal element with respect to
<. Interchanging the roles of C; and Cy (and replacing f by f~!) and reordering the )\; if needed we may
assume that the class of )\, is maximal. By the previous paragraph thereis j =1,...,n and s € R such that
an1 = Bjs. Reordering the p;’s (which correspond to replacing f by its composition with the monomial
transformation permuting the j-th and n-th coordinates), one may assume without loss of generality that
j = n. Therefore p(A\,z) = ¢(sunx) for every x € Cy. Therefore Im (A, — spn) C ker ¢. As Im (A, — spy,) is
a submodule of My and ¢ is a right generator of M* we deduce that Im (\,, — su,,) = 0, by Proposition 8.1,
and hence A, = suy,. Then A\, < p,. By the maximality of the ~-class of \,, we deduce that A\, ~ pu,, i.e.
An = Up iy for some u, € U(R). In case n = 1 we have finished to prove the claim. For the induction step

we have
Z Gu(rAnz) = Z Gu(rnpinT) = Z G (Tpin)

re€R reR reR
and subtracting this from (8.13) we obtain

Y bha) = 3 e

i=1 reR i=1reR
Then the claim follows by the induction hypothesis.
The claim then shows that for every x = (x1,...,2,) € C; we have

f(x) = (1), ... pn () = (U1 Ao(1) (), -+ UnAo(n) (7)) = (U1T6(1), - - -, UnTo(n)),
that is f is the restriction to C of the monomial transformation

T(x1,...,%n) = (U1Z6(1), - -+ s UnTo(n))-

(Observe that for every u € U(R) the map m +— um is an element of Aut(Mp)) O

If M is a finite right R-module and r € R then the map p, : M — M given by p,(m) = mr is a group
homomorphism. Using Proposition 7.1.2, for every r € R, m € M and x € M™* we have

Sp(mr)(x) = (Papr(m))(x) = ((p"®)(m))(x) = (Par(m)pr) (x) = pr(X)(m) = xpr(m) = x(mr)
= (rx)(m) = eu(m)(rx) = (@ar(m)r)(x)-
Therefore @y (mr) = ®pr(m)r for every m € M and every r € R. In other words ®j is an isomorphism of
R-modules.

8.4. Lemma If M is a finite simple R-module then so is M*. In particular, if M is a finite semisimple
module then so is M*.

Proof. If M* is not simple then there is a short exact sequence 0 — N1 — M* — Ny — 0 with N7 # 0 and
Ny # 0. Then 0 - Ny — M** — Ny — 0 is a short exact sequence with N # 0 and NJ. Thus M** is not
simple. As M = M**, M is not simple. a

8.5. Lemma Let R be a finite ring and M a finite right R-module. Then
(M/MJ(R))* = (M*: MJ(R)) = Soc(M™).
Proof. Applying the functor —* to the short exact sequence 0 - M J(R) - M — M /M J(R) — 0 we obtain

a short exact sequence 0 — (M/MJ(R))* = M* — (MJ(R))* — 0. As M/MJ(R) is a R/J(R)-module and
R/J(R) is semisimple then so is M /M J(R) as R-module. Then (M/MJ(R))* is semisimple, by Lemma 8.4,
and hence so is (M/MJ(R))* = f(M/MJ(R))*) = (M* : MJ(R)). Thus (M* : MJ(R)) C Soc(M*). For
the reverse inclusion observe that J(R)Soc(M*) = 0, as Soc(M*) is semisimple. Thus, if x € Soc(M™*),
m € M and r € J(R) then x(mr) = (rx)(m) = 0(m) = 0. This shows that Soc(M*) C (M*: MJ(R)). O

Let R be a finite ring and let S and S5 be two simple modules. Then every homomorphism f : S7 — Ss
is either 0 or an isomorphism, by the Schur’s Lemma (Lemma 4.1). This implies that S; = Ss if and
only if 7 = S5. Thus, if Si,...,Sk is a set of representatives of the right R-modules then S7,..., S} is
a set of representatives of the left R-modules. This implies that if (R/J(R))r = Si" @ --- @& S;* then

rR/J(R) = Si™M @@ S = (R/J(R)g)*. Therefore
(8.14) RR/J(R) = (R/J(R)p)* and R/J(R)r = (rR/J(R))".
8.6. Proposition Let R be a finite ring and let M be a finite R-module. Then the following conditions are
equivalent.
1. Soc(M) is cyclic.
2. For every simple R-module S the multiplicity of S in Soc(M) is not greater than the multiplicity of
S in R/J(R).
3. M is isomorphic to a submodule of R* (in the appropriate side).
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Proof. The equivalence of 1 and 2 is a consequence of Lemma 5.5.

3 implies 2. Suppose that M is isomorphic to a submodule of Ry. Then Soc(M) is isomorphic to a
submodule of Soc(R%) and hence Soc(M) is isomorphic to a submodule of (gR/J(R))* = R/J(R), by
Lemma 8.5 and (8.14). Then 2 follows, by Lemma 4.2.1.

1 implies 3. Suppose that Soc(M) is cyclic (and suppose that M is a right R-module). Then Soc(M) is
isomorphic to a submodule of R/J(R)r = (rR/J(R))* = Soc(R*), by Lemma 8.5 and (8.14). Then Soc(M)
is isomorphic to a submodule of R*. (Il

We are ready to obtain the characterization of the finite modules over finite rings that satisfies the EP.

8.7. Theorem [Woo09] Let R be a finite module and let M be a finite module. Then the following conditions
are equivalent.

1. The alphabet M has the EP.
2. M is pseudoingjective and Soc(M) is cyclic.

Proof. We suppose that M is a right R-module.

2 implies 1. Suppose that M is pseudoinjective and Soc(MEg) is cyclic. By Proposition 8.6, one may
assume that M is a submodule of R}. Let C; and C5 be linear codes of M™ and let f : C; — Cs be an
isomorphism preserving the Hamming weight. As M is a submodule of R}, we can see C; and Cy as linear
codes of (R})™ and f as an isomorphism preserving the Hamming weight. As R* is a Frobenius R-bimodule,
by Theorem 8.3, R* has the EP. Therefore there is o € S, and u1,...,u, € Aut(R},) such that f extends
to the following monomial transformation of (R*)%:

T(x1,. .., %0) = (U1Z6(1), - -+ UnTo(n))  T1s---,Tn € BT

Write T = DP where P(z1,...,7,) = (Zo(1),- -+, To(n)) and D(z1,...,2,) = (u11,...,unTy,). Then
P restricts to a monomial transformation mapping C; to a linear code Cs of M"™. Let C;; denote the
projection of C; into the i-th coordinate. Then Cj; is a linear code of length 1 over M and x — u;z defines
an injective homomorphism D; : C3; — Cs , which preserves the Hamming weight. As M is pseudoinjective,
the alphabet M has the EP for linear codes of length 1, by Proposition 6.9. Therefore, D; extends to
an automorphism 7; of M. Then f is the restriction to C7 of the following monomial transformation
F(x1,...,2,) = (T1%6(1), - - - » TnTo(n))- This shows that the alphabet M has the EP.

1 implies 2. Conversely, suppose that the alphabet M has the EP. Then certainly M has the EP for
length 1 and hence M is pseudoinjective by Proposition 6.9. It remains to show that Soc(M) is cyclic. We
argue by contradiction, so suppose that Soc(M) is not cyclic. Then, by Lemma 5.5, there is a simple right
R-module S such that the multiplicity of S in Soc(M) is greater than the multiplicity of S in R/J(R).
This implies that one of the Wedderburn components of R/J(R) is of the form A = M,,(F) for a field
F and if S is the first column of M,,(F'), seen as R-module by extension of scalars via the projection
R — R/J(R) = M,,(F), then Soc(M) contains S™ for some n > m. We can identify P = S™ with M,, ,,,(F).
In this way P = M, ,,(F) is seen as a right A-module and then it is considered as a right R-module by
restriction of scalars. By Example 3.2, and having in mind that A = Endp(F™) and P & Homp(F™, F™),
there is a positive integer N and codes linear codes C of P together with an isomorphism f : C, — C_
of A-modules preserving the Hamming weight such that for one coordinate all the elements of C; have zero
in that coordinate while this not happen for the elements of C'_ with respect to any coordinate. Actually
Hompg(Cy,C_) = Homa(C4,C_) and hence we can see f as an isomorphism of R-modules. Morever,
P C Soc(M) C M and we can then consider f as an isomorphism of linear codes of M preserving the
Hamming weight, which certainly cannot be extended to a monomial transformation. This yields the desired
contradiction. (]

9. THE EXTENSION PROPERTY FOR RING ALPHABETS

In this section we consider the special case when we consider a finite ring R as alphabet. The Frobenius
property for R is going to be the key ingredient in this case.

Let R be a finite ring. As R and R* have the same cardinality they are isomorphic as left (resp. right)-
module, if and only if pR* (resp. R%) is cyclic. Actually both conditions are equivalent by the following
lemma.

9.1. Lemma Let x € R*. Then x generates rR* if and only if x generates R},

Proof. Suppose R* = Ry. Let I be a right ideal of R contained in ker x. Then I C ker(ry) for every r € R
and hence I C ker ¢ for every ¢ € R*. Thus I = 0, by Lemma 7.3. This proves that ker xy does not contain
any right ideal of R. Then x generates R}, by Proposition 8.1. ]

Therefore we have

9.2. Proposition The following conditions are equivalent for a finite ring R.
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1. R is Frobenius as (R, R)-bimodule.
2. rRR= rR".
3. Rp = R,

We say that R is a Frobenius ring if it is Frobenius as (R, R)-bimodule.

9.3. Theorem Let R be a finite ring. Then the following conditions are equivalent.

1. R s a Frobenius ring.
2. The alphabet Rg has the EP.
3. The alphabet rR has the EP.

Proof. By symmetry (and Proposition 9.2) it is enough to show that Rr = R}, if and only if R has the EP.
By Theorem 8.3, R} has the EP and therefore if Rr = R} then Rp has also the EP. Conversely, suppose
that Rr has the EP. Then Soc(R) is cyclic by Theorem 8.7 and hence Rp is isomorphic to a submodule of
RY, by Proposition 8.6. Since R and R* have the same cardinality we deduce that R = R, O

We close this section with other alternative characterizations of finite Frobenius rings which will be useful
in the subsequent sections.

9.4. Theorem [Hon01] The following conditions are equivalent for a finite ring:

1. R is Frobenius.
2. Soc(RRr) =2 (R/J(R))r.
3. Soc(gR) = r(R/J(R)).

The Goldie dimension of a module M is the maximum positive integer n such that there is a family with
n independent non-zero submodules of M. Let GD(M) denote the Goldie dimension of M. Clearly, if N is
a submodule of M then GD(N) < GD(M). Using Proposition 4.2 it is easy to see that if M is the direct
sum of n simple modules then GD(M) = n.

If M is finite module then GD(Soc(M)) = GD(M). Indeed, if {N; : i € I} is an independent family
of non-zero submodules of M then Soc(N;) # 0 for every i (because N, is finite) and obviously {Soc(N;) :
i € I} is an independent family of non-zero submodules of M. Therefore GD(M) < GD(Soc(M)). Thus
GD(M) = GD(Soc(M)).

Let R be a ring. An element e € R satisfying e = e is said to be idempotent. Two elements xz,y € R
with xy = yx = 0 are said to be orthogonal. Observe that if eq, ..., e, are orthogonal idempotents of R then
{Rey,...,Re,} is independent. Indeed, if € Re; N ﬂ?ﬁ Re;. Then x = xeq; = xo0e5 + -+ + T,e,. Then
Tr = xe; = Xoege1 + -+ xpener = 0.

2

9.5. Lemma Let R be a finite ring and let Ey, ..., E, mutually orthogonal idempotents of R/J(R) with
Ey+---+ E, =1. Then there are mutually orthogonal idempotents e1,...,e, in R with 1 =e; +---+ e,
and E; = e; + J(R) for every i.

Proof. This is a consequence of the fact that R/J(R) is semisimple and J(R)"™ = 0 for some n. For the
details see Proposition 27.1, Proposition 27.4 and Theorem 27.6 in [AF92]. |

9.6. Lemma If R is a finite ring then GD(Rg) = GD(Soc(Rgr)) > GD((R/J(R)R)-

Proof. Let R/J(R) = S1 @ --- @ S, with each S; a simple module. Then GD(R/J(R))) = n. By (2.3) and
the isomorphism R/J(R) = End(R/J(R)) there are non-zero orthogonal idempotents E1, ..., E, in R/J(R)
with 1 = Ey +--- + E,, (take in the matrix form the idempotents having 1 in one diagonal entry and zero
in all the other entries). By Lemma 9.5, there are non-zero orthogonal idempotents eq,...,e, in R. Then
GD(R) > n. O

9.7. Proposition [DLP04] Let R be a finite ring. Then R is Frobenius if and only if Soc(RRg) is cyclic if
and only if Soc(rR) is cyclic.

Proof. Suppose Si,...,Sk are representatives of the simple right R-modules and that R/J(R) & ST @
- @ Sy* and Soc(Rg) = ST @ --- @ S."™". Then Zle my, = GD(Soc(R)) = GD(R) > GD(R/J(R)) =
ny+- - -+ng. If Ris Frobenius then Soc(Rg) & R/J(R), by Theorem 9.4, hence Soc(Rp) is cyclic. Conversely,
if Soc(RpR) is cyclic then, by Proposition 8.6, m; < n; for every i. Then necessarily m; = n; for every i and
hence Soc(Rgr) = (R/J(R))r. Then R is Frobenius by Theorem 9.4. O

10. THE MACWILIAMS IDENTITIES FOR GROUP ALPHABETS

In order to have MacWilliams identities for module alphabets we need a notion of dual which satisfies
properties alike the following ones holding for linear codes C' and D with alphabet a finite field F":

(D1) If C € D then D+ C C+.
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(D2) C++ =C.
(D3) [Cl|C*] = |F|™.
(D4) Wi (X,Y) = FHWe(X + (|F] - )Y, X - Y).

The notion of weight enumerator can be extended to arbitrary abelian groups and in particular to modules.
More precisely, if A is an abelian group and C' is a subgroup of A™ (i.e. a Z-submodule) then the weight
enumerator of C' is the following polynomial in two variables:

n
We(X,Y) =Y Xy =3 " Ac X"y,
ceC =0
where Ac; denotes the number of codewords of C' of weight 1.
Our aim now is to obtain some notion of dual code for linear codes over module alphabets satisfying
properties similar to (D1)-(D4). For the moment we are going to consider only abelian groups.

Let A be a finite abelian group. For every vector space V over C let V4 denote the set of maps A — V.
We endow V4 with structure of vector space over C, by setting

(f+9)(a) = f(a)+g(a) and (af)(z)=af(x) (f,gecVAaecAacC).
The Fourier transform of f € V4 is the map fe VA" defined by

=Y x:(@f(a) (xeA).

acA
10.1. Proposition [Fourier Inversion Formula] IfA s a ﬁm'te abelian group, a € A and f € VA then
W=k ¥ -
7 =

Proof. By Proposition 7.1 we have

Y= f0) = D (=) Do F) =Y | D xe(b—a) | £(b) = |Alf(a)

xEA* XEA* beA bEA \ xEA*
O

10.2. Theorem [Poisson Summation Formula] Let H be a subgroup of a finite abelian group A and let V' be
a vector space over C. Then for every a € A and f € VA we have

Zf(a+h)=[A:1H] > xa)f.

heH XE(A*:H)
In particular, for a =0 we have
S 1=ty ¥ o
heH x€(A*:H)

Proof. By Proposition 7.2.1,

) IH|, if x e (A*: H);
%X(h) - {0, if x € A"\ (A% : H).

Combining this with the Fourier Inversion Formula (Proposition 10.1) we have

> et = X o X =g ¥ xcofo =i X waf

heH XEA* heH XE(A*:H)

Consider the complex algebra C[X,Y] of polynomials in two variables X and Y with coefficients in C,
and consider the map f: A — C[X,Y] given by

f(a) — Xl—w(a”yw(a,y)-
For every x € A*, we have
= Y ) = XX @X OV S 0X+Y T a() =X ¥ +Y T a0
a€A a€A acA\{0} acA
Therefore, using Proposition 7.2.1, we have

~ X —(JAl-1)Y, if x=0;
10.15 =
( ) J) {X -Y, otherwise.
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Let us keep denoting as f the map A™ — C[X,Y] given by
flar,... an) =[] flai) = [ X" v,
i=1 i=1

By (2.2) we have (A™)* = (A*)™. We consider this isomorphism as an equality. Then we can consider each
X=(X1,---,Xn) € (A")" as an element of (A")* and we have

(10.16) F00=Foaow) = S Tl = [ 3 w-taf _Hf Xi).

(a1,...,an)EA™ =1 i=la;EA
Combining (10.15) and (10.16) we deduce
(10.17) T = (X + (J4] = )Yy =0 (x — )1,

If C is a linear code of A™ (i.e. a subgroup of A) then C+ = ((A™)* : C) is a subgroup of (A")*. Using
(2.2) to identify (A™)* and (A*)", we can see C* as a linear code of (A*)" (i.e. a subgroup of (4*)"). On
the other hand, identifying (A™)** with A™ we can define D+ = (A" : D) for D a subgroup of (A")*. Clearly
D+ is a subgroup of A" and C C C*++. Furthermore C+ = (A"/C)* and therefore |C| |Ct| = |A|". Thus
|C| = |C++] and thus C = C++. This proves the first three statements of the following Theorem.

10.3. Theorem Let A be a finite abelian group and let C be a subgroup of A™. Then
1. C* is a subgroup of A*.
2. C++ =C.
3. |ClICH] = A
4. Wer (X,Y) = |C‘WC(X + (4] = 1Y, X —Y) [MacWilliams Identities].

Proof. The first equality in the next calculations is just the definition of the weight enumerator, the second
one follows from the Poisson Inversion Formula (Theorem 10. 2) and the third one follows from (10.17):

We(X,Y) = 3 ) C] >, fo= \ci| > (X4 (Al =y X -yt
zeC XE((A™)*:C) x€C+
Then statement 4 follows interchanging the roles of C' and C*. ]

Theorem 10.3 is very similar to the goal we addressed at the beginning of this section, except that C' and
C* live in a different ambient spaces. To avoid this we introduce the following notion.
A biadditive map is a map : A x B — C, where A, B and C are abelian (additive) groups, satisfying

ﬂ(a+a/>b) = 6(&,1)) +ﬁ(a/7b) and ﬁ(avb+b/) = ﬂ(avb) +5(a7b/) (CL,a/,E Avbvb/ € B)

In that case we have group homomorphisms

AL Homy(B,C) and B LN Homgz (A, E)
with
Bi(a)(B) = Bu(b)(a) = Blash) (a € Abe B).
Moreover, if n is a positive integer then 8 induces a biadditive map
g:A" x B" = C
with
Bl(a1,...,an), (b1,...;bn)) = Blar,b1) + -+ + B(an, by).

Let 8 be a biadditive map. Then f is said to be non-degenerate if both 8; and [, are injective.
Suppose that A and B are finite groups and that 8 : A x B — Q/Z is a non-degenerate additive map.
Then £, : A — B* and (3, : B — A* are injective and therefore

|A] < [B*[ = |B| < |[A"[ = |A]
by Proposition 7.1. Therefore |A| = |B| = |A*| = |B*| and hence §; and f, are isomorphisms. Thus
A~ B*~B.
Clearly the extension of 8 to a biadditive map 8 in A™ x B™ is also non-degenerate and therefore it induces
isomorphisms gy, 8, : A® — (B™)* = (B*)". If C is a subgroup of A™ then we define the right annihilator

H(C) = B7H(CY) = {be B : B(C,b) = 0}
and for a subgroup D of B™ we define the left annihiliator
1(C) =671 (DF) = {a € A" : B(a, D) = 0}.
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Applying Theorem 10.3 we obtain

10.4. Corollary Let A and B be finite abelian groups and let B : A x B — Q/Z be a non-degenerate
biadditive map. Then the left and right annihilators 1 and r in A™ satisfy the following properties for every
subgroup C of A™ and every subgroup D of B™:

1. v(C) is a subgroup of B™ and 1(D) is a subgroup of A™.

2. 1(r(C)) =C and r(1(D)) = D.

3. |Cl |x(C) = |D| [r(D)| = |A]" = |B|".

4 Wiey = gWe (X + (JA| = DY, X = Y) and Wyp) = ;Wo(X + (|B] - DY, X —Y).

A biadditive map 8 : A x A — E is said to be symmetric if 5(a,b) = B(b,a) for every a,b € A.
Clearly the left and right annihilators coincides for symmetric bilinear forms. Corollary 10.4 implies that if
B:AxA— Q/Z is a symmetric non-degenerate biadditive map then using the annihilators to define dual
codes, conditions (D1)-(D4) hold. Next proposition ensures the existence of such biadditive map for every
finite abelian group.

10.5. Proposition FEvery finite abelian group A admits a non-degenerate symmetric biadditive map Ax A —
Q/Z.
Proof. To prove this we observe that

B:AxA* — Q/Z

(z,x) = x(@)

defines a non-degenerate biadditive map. By Proposition 7.1.1, there is an isomorphism A : A — A* satisfying
Aa)(b) = A(b)(a) for every a,b € A. Then 8'(a,b) = B(a, A(b)) defines a non-degenerate symmetric biadditive
map A x A — Q/Z. O

11. MACWILLIAMS IDENTITIES FOR MODULE ALPHABETS

We now address the question of finding a notion of dual in module alphabets. In the previous section we
have seen how biadditive maps helps to define a notion of dual on group alphabets. The classical biadditive
map used to define dual codes of linear codes over field alphabets is the product in F which when extended
to a biadditive map in F™ gives the standard dot product:

F* x F" — F
((al,...,an),(bl,...,bn)) — a1b1+~~+anbn.
If F is replaced by an arbitrary ring R then the dot product is not symmetric anymore and if C' is a submodule
of RR" then r(C) is a submodule of R];. Similarly, if D is a submodule of R} then 1(D) is a submodule
of RR™. Therefore, it is natural to expect that the dual operator should associate right linear codes to left
linear codes and vice versa. Thus the conditions (D1)-(D4) should vary slightly. We start translating the
notion of biadditive map to this context.

Let R and S be rings, let g P be a left R-module, Qg a right S-module and grEg an (R, S)-bimodule. A

map 5 : P x Q — F is said to be bilinear if it is biadditive and satisfies the following condition

B(rp,q) =rB(p,q) and B(p,qs) = B(p,q)s, (r€ R,pePqeQ,s€S).
Equivalently, S is bilinear if and only if for every p € P the map
Q 2 g
q = Blpa
is a homomorphism of right S-modules and for every g € @) the map

Br
p % E

p = B9
is a homomorphism of left R-modules. Other equivalent versions are §; : P — Hom(Qg, Es) is a homomor-
phism of left R-modules, or equivalently 3, : Q@ — Hom(rP,r E) is a homomorphism of right S-modules.
If B: Px @ — FE is a bilinear map and n is a positive integer then the extension g : P" x Q" — FE is also
bilinear. If C' is a submodule of P™ then the right annihilator
r(C) ={q€Q":B(C,q) =0}
is a submodule of Q™. Similarly, if D is a submodule of Q™ then the left annihilator
(D) ={pe P":B(p,D) =0}
is a submodule of P"™. Moreover the following properties holds for all submodules C and C’ of P™ and all
submodules D and D’ of Q™.
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1. If C < C' then r(C") Cr(C).
2. If D < D’ then r(D') C r(D).
3. C C1(x(C)) and D C r(1(D)).

11.1. Theorem [Woo09] Let R and S be finite rings, P a finite left R-module, Q a finite right S module
and E a finite (R, S)-bimodule. Let 3 : P x Q — E be a non-degenerate bilinear map and suppose that there
is x € E* such that ker x does not contain non-zero submodules of neither rE nor Eg. Let ' = x o 3. Let
I and r'" be the left and annihilator maps associated to 3. Then the following properties hold:

1. B’ is a non-degenerate biadditive map.

2. For every positive integer n and every submodule C' of P™ we have r(C) = 1'(C), 1(x(C)) = C,
Cl ()] = |P|" and Wy(c)(X,Y) = G We(X + (IP| - 1Y, X - Y).

— I
3. For every positive integer n and every submodule D of Q™ we have 1(D) = 1'(C), r((D)) = D,
D[ |UD)| = |Q[" and Wi(p)(X,Y) = 5;We(X + (|Q] = 1)Y, X ~Y).

Proof. (1) Obviously 8’ is biadditive. Let ¢ € @ with 8'(P,q) = 0. Then the map S5i(q) : P — F is a
homomorphism of left R-modules and hence Im §;(¢) is a submodule of gE contained in the kernel of .
By assumption, Im 3;(q) = 0 and therefore 5(P,q) = 0. As § is non-degenerate we have ¢ = 0. Similarly, if
B'(p, Q) for some p € P we have p = 0. This proves that 8’ is non-degenerate.

2 and 3. Let C be a submodule of P*. Obviously r(C) C 1/(C). Let b € r'(C). Then 8(C,b) = 5;(b)(C) is a
submodule of g E contained in ker y. Therefore 5(C,b) = 0 and hence b € r(C). Thenr(C) =1/(C). Similarly
(D) =1(D) for every submodule D of Q™. The rest of the properties follow from Corollary 10.4. O

12. MACWILLIAMS IDENTITIES FOR RING ALPHABETS

An important example of non-degenerate bilinear map is the multiplication map

RxR — R
(r,s) +— rs

for R any arbitrary ring. We will refer to this as the standard bilinear map of R. Its right annihilator
operator r maps left ideals of R to right ideals of R and its left annihilator operator [ maps right ideals of
R to left ideals of R. If we want that [ and r could serve to define a notion of dual for linear codes in the
alphabet R, [ and r must be mutually inverse operators, in other words they should satisfy the following
condition: We say that a ring R satisfies the double annihilator condition if it satisfies

(12.18) I(x(1)) =1, for every left ideal I of R
(12.19) r(1(J)) = J, for every right ideal J of R.

12.1. Theorem Let R be a finite ring. Then the following conditions are equivalent:

1. R satisfies the double annihilator condition.
2. Rp is injective.
3. rR is injective.

Proof. We prove that 1 and 2 are equivalent. By symmetry, 1 and 3 are also equivalent.
First of all observe that

(1220) 1([1 + 12) = 1([1) n 1([2) and I'(J1 + JQ) = I'(Jl) N I‘(JQ)

for every left ideals I1 and I> and right ideals J; and Js.

1 implies 2. Suppose that R satisfies the double annihilator condition. If J; and Jy are right ideals of R
then, by (12.20) we have 1(J; N J2) = 1(x(1(J1)) Nr(1(J2))) = 1(r(1(J1) + 1(J2))) = 1(J1) + 1(J2). Similarly, if
I and I are left ideals of R then r(I; N I2) = r(I1) +r(l2).

To see that Rp is injective we apply Baer Criterion (Theorem 6.3). Let J be a right ideal of R and
let f:J — R be a homomorphism of right R-modules. As R is finite there are rq,...,r; € J such that
J=mrR+ -+ rpyR. We have to show that there is a« € R such that f(x) = ax for every z € J. We
argue by induction on k. Suppose first that X = 1 and let s = f(ry). Then sx = f(riz) for every z € R
and therefore sr(Rry) = 0. In other words s € 1(r(Rri1)) = Rr; and hence s = ar; for some a € R.
Therefore f(rix) = sz = arix for every x € R. Thus f(z) = az for every x € J, as desired. Suppose
that & > 1 and let J; = raR + --- + rp_1R. By the case k = 1 there is a1 € R such that f(z) = a1z
for every & € r1R. Moreover, by induction hypothesis there is as € R such that f(x) = aqz for every
xz € Ji. Then a; —as € (RN Jy) = 1(rR) + 1(J1). Write a1 — ag = a} — af with a] € 1(r;R) and
ab € 1(J1) and let a« = a; — a} = ag — ay. Let x € J. Thus ¢ = x1 + 22 with 21 € r1 R and 25 € J;. Then
f(x) = f(z1) + f(z2) = a121 + aszy = (a + a))z1 + (a + aby)xs = a(zy + x2) = ax.

2 implies 1. Suppose that Ry is injective.

Claim 1: 1(Jy N J2) =1(J1) + 1(J2) for all right ideals J; and Jy of R.
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Indeed, the inclusion 1(J1) +1(J2) € 1(J; N Jz2) is clear. Conversely, let z € 1(J; N Jz). Then the map
flar + a2) = zag, for a1 € J; and as € Jo, is a well defined homomorphism f : J; + Js — R. As Rp is
injective there is y € R such that xas = y(ay + az2) for every a; € J; and az € Jo. In particular, ya; = 0 for
every a; € J1 and xas = yas for every as € Jy and hence y € 1(J1) and x —y € 1(Jz), so that x € 1(J1) +1(J2).
This finishes the proof of Claim 1.

Claim 2: R satisfies (12.18).

Suppose first that I = Rr for some r € R and let s € 1(r(I)). Let f : I — R be the map defined by
f(rz) = sz. This is well defined because if ra = 0 then x € 1(I) and hence sz = 0. By hypothesis, there is
a € R such that sz = f(rz) = arz for every x € R. Applying this for x = 1 we deduce that s = ar € I.
Thus 1(r(I)) = I, as desired.

Now let I an arbitrary left ideal of R. As R is finite, I = ) ;" | Rr; for some r; € R then, using (12.20)
and Claim 1 we have

1(r(I)) =1 (r (Z er—)) =1 (ﬂ r(Rri)> =Y 1(x(Rr;)) =Y Rri=1.
i=1 i=1 i=1 i=1
This finishes the proof of Claim 2.

Claim 3: Every simple left R-module is isomorphic to a left ideal of R.

Let S be a simple left R-module. Fix 0 # s € S and let I = {r € R : rs = 0}. Then [ is the kernel
of the map R — S given by r — rs. As S = Rs, because S is simple, this map is surjective and therefore
g(r + I) = rs defines an isomorphism ¢ : R/I — S. By Claim 2, 1(r(I)) = I # R =1(0) and hence r(I) # 0.
Let 0 # r € r(I). Using again that S is simple we deduce that S = h(S), so that S is isomorphic to a left
ideal of R. This finishes the proof of Claim 3.

Claim 4: Every simple right R-module is isomorphic to a right ideal of R.

Let S1,...,S5, be representatives up to isomorphisms of the simple left modules. For every ¢ = 1,...,n,
let P; be the sum of the left ideals of R isomorphic to .S; and

B; = P,N1(J(R)).

Then Soc(gR) = Py & --- @ P, and P; and B; are a two-sided ideal of R for every i. Moreover, by Claim
3, P, # 0 for every i = 1,...,n. By Lemma 5.6, if P,J(R)* # 0 then P,J(R)* # P,J(R)**!. As R is
finite we deduce that there is k > 0 such that P;J(R)* # 0 and P;J(R)**! = 0. Then 0 # P,J(R)* C B;.
Thus B; # 0. As B;J(R) = 0, we deduce that B; is a non-zero semisimple right R-module and hence it
contains a minimal right ideal 7;. We claim that if T; = T} then ¢ = j. Indeed, let f : T; — T} be an
isomorphism of right R-modules. As Rp is injective, there is r € R such that f(z) = rz for every x € T;.
Then T; € P;NrP; € PN P = 0, a contradiction. Therefore Rr contains at least n non-isomorphic
simple right R-modules. As the number of simple right R-modules coincides with the number of simple left
R-modules, and this number is n we deduce that every simple right R-module is isomorphic to a right ideal
of R. This finishes the proof of Claim 4.

Claim 5: If M is a non-zero right R-module then Hom (M, Rg) # 0.

By Lemma 5.6, M # MJ(R). Hence M /M J(R) is a non-zero semisimple right R-module. Thus there is
a non-zero homomorphism M — S for some simple right R-module. By Claim 4, S is isomorphic to a left
ideal of R and hence there is a non-zero homomorphism M — R. This finishes the proof of Claim 5.

We are ready to finish the proof by showing that R satisfies (12.19). Let J be a right ideal of R and let
M =r1(1(J))/J. Let f € Hom(M, Rg). Composing f with the natural homomorphism r(1(.J)) — r(1(J))/J
we have a homomorphism r(1(J)) — R vanishing on J. Since Rp is injective there is r € R such that
f(z + J) = ra for every x. Then r € 1(J) and hence f(r) = rz = 0 for every x € r(1(J)). In other words
f = 0. This shows that Hom(M, Rr) = 0 and therefore M = 0, by Claim 5. Thus r(1(J)) = J, as desired. O

Observe that every Frobenius finite ring satisfy the double annihilator condition because Rp = R} and
R*R is injective by Proposition 6.8.

12.2. Theorem [Woo09] Let R be a finite ring. If R is satisfies the double annihilator condition but it is not
Frobenius then R has a left ideal I such that |I| |v(I)| < |R| and a right ideal J such that |J| |1(J)| < |R).

Proof. Suppose that R satisfies the double annihilator condition but it is not Frobenius. By Proposition 9.7,
Soc(gR) is not cyclic and hence, by Proposition 8.6, there is a simple left R-module I such that the multi-
plicity n of I on Soc(gR) is greater that the multiplicity of I in R/J(R). As Soc(grR) contains a submodule
isomorphic to I, we may assume without loss of generality that I is a left ideal of R. As [ is simple I = Rx
for every 0 #£ x € I. Let A\, : R — R be given by A\;(r) = xr. Then r(I) = ker A, & R/Im A\, = R/zR.
Therefore |I| |r(I)| = }flﬂ |R].

By the description of the simple left modules of R, I can be seen as a column of a matrix ring M, (F)
for some field F' such that M, (F) is one of the Wedderburn components of R/J(R). Then the multiplicity
of I on R/J(R) is m < mn. Then I is considered as an R-module by restrictions of scalars via the natural
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homomorphism R — R/J(R) and the projection R/J(R) — M, (F'). Then I"™ can be seen as M,, ,(F) as a
left M, (F)-module and then as a left R-module by extension of scalars. Observe that M,,(F) = Endp(EF™)
and My, »(F) = Hom(F", F™). Furthermore F' = End(g[/) and hence S = Endgl™ = M, (F) = Endp(F").
As I C Soc(rR) C R, every element s € S can be seen as homomorphism from a left ideal of R to R.
Thus, as grR is injective, by Baer Criterion (Theorem 6.3), for every s € S there is r € R such that zs = ar
for every x € I". We have |Rz| = |I| = |F|™. On the other hand, identifying r/ with the first column of
M, (F) and taking = the matrix having 1 in the (1,1) entry and zero in all the other entries. Then S is
the first row of M,, ,,(F') and it is contained in R (after some identification of I"™ inside R). Thus

Re| _|FI" |
[zR| ~ [F|"
Therefore |R |
T
| [x(1)] = |R| < |R],
|zR|
as desired. 0

12.3. Theorem [DLP04, Woo09] The following conditions are equivalent for a finite ring R.

1. R is Frobenius.
2. The left and right annihilators of the standard bilinear map of R satisfies the following conditions:
(a) For every positive integer n and every sumodule C' of pR™ we have 1(x(C)) = C and |C| |x(C)| =
IRI".
(b) For every positive integer n and every sumodule D of R}, we have r(1(D)) = D and |D| |1(D)| =
R
Moreover, in that case the MacWilliams identities hold: i.e.
1 1
WX+ (Bl = )Y, X - V).
[C] |R|
Proof. 1 implies 2. Suppose that R is Frobenius. Then there is y € R* which generates g R*. By Lemma 9.1,
x also generates p R* and x does not contain any non-zero left or right ideal of R. By Theorem 11.1, statement
2 and the MacWilliams Identities hold.
2 implies 1. Suppose that R satisfies 2. In particular 1(r(I)) = I for every left ideal I of R and r(1(1)) = I for
every right ideal J of R. In other words R satisfies the double annihilator condition. Moreover, |I| |r(I)| = |R|
for every left ideal I of R. Then R is Frobenius by Theorem 12.2. (]

Wi o)(X,Y) = = Wo(X + (R - )Y, X =) and Wyp)(X,Y) =
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