Introduction to Wavelets




Discrete Wavelet Transform

A wavelet is a function of zero average centered in the neighborhood of =0 and is
normalized

fo w(t)dt =0

|| =2
The translations and dilations of the wavelet generate a family of functions over
which the signal is projected

vl =Y

Wavelet transform of f in L2(R) at position u and scale s is
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Wavelet transform
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Wf(0,s) < correlation for u=0




Wavelet transform
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Wavelet transform
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Changing the scale
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Fourier versus Wavelets

F(o) = J'f(t}e—jmtdf
C(scale, position) = jf{t}q}(scaﬂe.pmaitimz. t)dt
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Constituent wavelets of different scales and positions
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Scaling
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Wavelet function
Wit)

Shifting

Shifted wavelet function
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Recipe

1 Take a wavelet and compare it to a section at the start of the original signal.

2 Calculate a number, C, that represents how closely correlated the wavelet is
with this section of the signal. The higher C is, the more the similarity. More
precisely, if the signal energy and the wavelet energy are equal to one, C may
be interpreted as a correlation coefficient.

Note that the results will depend on the shape of the wavelet vou choose.
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Signal

Wavelet

C =0.0102
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Recipe

3 Shift the wavelet to the right and repeat steps 1 and 2 until you've covered
the whole signal.

Signal

Wavelet |:>

4 Scale (stretch) the wavelet and repeat steps 1 through 3.

Signal

Wavelet

C = 0.2247

5 Repeat steps 1 through 4 for all scales.




Wavelet Zoom

WT at position u and scale s measures the local correlation between the
signhal and the wavelet

- . —\/\/\/»f
 largescale

Thus, there is a correspondence between wavelet scales and frequency as
revealed by wavelet analysis:

(small) ® Low scale a = Compressed wavelet = Rapidly changing details = High
frequency o.

(large) e High scale @ = Stretched wavelet = Slowly changing, coarse features = Low
frequency o.
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Frequency domain

. Parseval W (u,) = [ f (O us () :Zi [F (@)% us(@)do
0 T %

The wavelet coefficients Wf(u,s) depend on the values of f(t) (and F(w)) in the
time-frequency region where the energy of the corresponding wavelet function
(respectively, its transform) is concentrated

» time/frequency localization

« The position and scale of high amplitude coefficients allow to characterize the
temporal evolution of the signal

« Time domain signals (1D) : Temporal evolution
« Spatial domain signals ﬁZD) . Localize and characterize spatial singularities

vusld=v* “j@\lfu,sw):m(sw)e-j“’s

S

Stratching in time — Shrinking in frequency (and viceversa)
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Example
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Wavelet representation = approximation + details

approximation < scaling function
details <> wavelets
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A different perspective
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Haar pyramid [Haar 1910]
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What wavelets can do?
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Wavelets and linear filtering

The WT can be rewritten as a convolution product and thus the transform
can be interpreted as a linear filtering operation

s t—u

W) =(f) = [ 10w [ = e )
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— band-pass filter
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Wavelets & filterbanks
Quadrature Mirror Filter (QMF)
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Analysis or decomposition
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Filters
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cA I ~500 coefs
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Analysis or decomposition
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Synthesis or reconstruction
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Multi-scale analysis
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Haar

Famous wavelets

Wavelet function psi

Mexican hat
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Wavelet function psi
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Daubechie’s

dbh2 db3 db4 db5 db6
db7 db8 db9 db10
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P(X,Y) = p(X)o(y)

v (%, Y) = e(X)w (y)
v (%, y) =w(x)e(y)
v (%, y) = (w(y)

1 x9—bq x9—bg

Bi-dimensional wavelets
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Fast wavelet transform algorithm (DWT)

Decomposition step

- approximation
low-pass filter downsample pproxu
7 coefficients
| Lo D ™ * 2 ————— Ay
s b
G
| Hi D I ¢ 2 —— cD4
hish-pass filter downsample de_t({.rl
i P coefficients
where X Convolve with filter X.

Keep the even indexed elements
(see dyaddown).
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Fast wavelet transform algorithm (DWT)

Reconstruction Step

cAj

CDJ'

level j

where

upsample low-pass
— $ 2 | Lo R
—|wkeep —= cAj
— - f 2 — Hi R :
level j-1
upsample high-pass

wkeep

Insert zeros at odd-indexed elements.

Convolve with filter X.

Take the central part of U with the
convenient length.
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Filters

Original scaling filter
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Fast DWT for images

Decomposition Step

columns

¥
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column
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Initialization

¥

cD
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Downsample columns: keep the even indexed columns.

Downsample rows: keep the even indexed rows.

Convolve with filter X the rows of the entry.

Convolve with filter X the columns of the entry.

CAg = s for the decomposition initialization.
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Fast DWT for images

Two-Dimensional IDWT

Reconstruction Step

cAj1—wl 142
(h)
CUj+1 —= 1 42
horizontal
(v)
D M7
vertical
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cDisi —»f 142
diagonal
where 241
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rows
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columns
" LoR Fows
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L Hi R
columns ™ wkeep —I-CAJ-
> Nt FOWSs
columns 2+ 1 » Hi R [
o Hi R

Upsample columns: insert zeros at odd-indexed columns.

Upsample rows: insert zeros at odd-indexed rows.

Convolve with filter X the rows of the entry.

Convolve with filter X the columns of the entry.

31




Subband structure for images
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