Predicate
Logic
(first order logic)




formula

intuitive meanings

AxP (x) there is an x with property P
VyP(y) i
Vx3y(x = 2y) ?
ve(e>0—3an(1< €)) ?
X<y —3Z(X<ZAZ<Y) >
vxay(x.y = 1) ?




formula intuitive meanings

AxP (x) there is an x with property P
VyP(y) for all y P holds (all y have the property P)
Vx3Ay(Xx = 2y) for all x there is a y such that x is two times y
ve(e>0—3an(1< €)) for all positive € there is an n such that 1< ¢

X<y—3z(x<zaz<y)| ifx<y thenthereisazsuchthatx<zandz<y

vxay(x.y = 1) for each x there exists an inverse y




The semantics of predicate logics






Strupture

U=A(R,,...R)(FL..F), {clielh

A hon-empty set

v

relations on A

v

notation |U | =A

functions on A

N\

elements of A

(R, +,-~1,0, 1) — the field of real numbers,

(N, <) — the ordered set of natural numbers.



Definition 2.2.2 The similarity type of a structure A = (A, Ry, ..., Ry, I,

o Fo {cilt € I}) is a sequence, (ri,...,rp;01,...,0m; K), where R; C A",
F; A% — A, k= |{c; |i € I}| (cardinality of I).




what is A9 ?

whatis f: AO—>A ?



what is A0 ?
what is f: AO—->A ?

what is An ?

whatisf: o A ?



Write down the similarity type for the following structures:
(Q, <,0)
(N, —|—, ,S,0,1,2,3.4,. ...),whereS(z) = x + 1,
(P ) C, U ﬂ, 0),
(Z —71,0,1,2,3,4),
1} /\ \/ —,—,0,1) , where A, V, —, - operate according to
e ordinary truth tables,
R? >7
R),

Give structures with type (1,1;—;3), (4; —;0).

<
t
<
(




alphabet

(Fiyeeesln s @lyeees@y K0, With 12 0,3 > 0.

1.Predicate symbols: sequence P1, ..., Pn, plus =
2.Function symbols: sequence fi,...,fm
3.Constant symbols ¢;fori €| with |I|=K
4.Variables: X,,x;,X,,...(countably many)

5. Connectives: v,A,—,—,<> 1 V. 3

6. auxiliary symbols: (,),

we write also <<P1, C ey Pn;fl,...,fm,{ci }ie,> to relate with

{ STV R+ PR WSs ')



(Fiyeeesln 3 @1y, @3K0, With 12 0,3, > 0.

Definition TERM 1s the smallest set X with the properties
(i)c;e X(1el) andx; € X(1 € N),
(13) t1,...,tq, € X = fi(t1,...,tq,) € X, for 1 <i<m

TERM is our set of terms.

Definition FORM 1s the smallest set X with the properties:
(Z) le X; e X ifr; =0; t1,...,t.,, € TERM =
Pi(t1,...,t.) € X;t1,to € TERM =t =t3 € X,
(ii) p,p € X = (o)) € X, where O € {\,V, —, <},
(111) p € X = (—p) € X,
(v) o € X = ((Vr:)), (Fzi)p) € X.




proof by induction

Lemma Let A(t) be a property of terms. If A(t) holds fort a variable or
a constant, and if A(t1), A(ta),..., A(tn) = A(f(t1,...,tn)), for all function
symbols f, then A(t) holds for all t € TERM.

Lemma Let A(p) be a property of formulas. If

(i) A(p) for atomic o,

(ii) Ap), A) = A(p),

(111) A(p) = A(—p),

(iv) A(p) = A((Vx;)p), A((Fx;)@) for all i, then A(p) holds for all
w0 e FORM.




Example of a language of type <2;2,1;1).

predicate symbols: L, =
function symbols: p, 1
constant symbol: e



Definition by Recursion on TERM: Let Hy : Var U Const — A (i.e.Hy
is defined on variables and constants), H; : A% — A, then there is a unique
mapping H : TERM — A such that

{ H(t) = Hy(t) for t a variable or a constant,
H(fi(t1,...,ta,)) = Hi(H(t1),...,H(tq,))

Definition by Recursion on FORM:
Let Hyr : At — A (i.e.Hg; is defined on atoms),

Ho:A° = A, (Oe{V,A, —,<})
H_ :A— A,

Hy: Ax N — A,

HE:AXN—>A.

then there is a unique mapping H : FORM — A such that

( H(p) = H:(p) for atomice ¢,
H (L)) :HD((H(W)aH(¢))7




free variables

Definition The set FV(t) of free variables of t is defined by
(1) FV(xi) = {®i},
FV (¢;) = ()
(20) FV(f(t1,...,tn)) :FV(tl) L UFEV(t,).
Deﬁnitlon The set F'V () of free variables of v is defined by
(2) P(t1, ty)) = FV(t1)U...UFV(t,),
tl — ) = FV(tl) UFV(tQ),
J_) = FV(P) D for P a proposition symbol,

FV(

PV

(13) FV(eUy) FV(p) UFV(9),
E'V (=) = F'V(p),

(212) F'V (Nxip) := FV(3z;p) := FV(p) — {z;}.




t or ¢ is called closed if FV(t) = @, resp. FV(¢p) = @.

a closed formula is also called a sentence.
a formula without quantifiers is called open.
TERM. denotes the set of closed terms;

SENT denotes the set of sentences.

Exercise:
define the set BV(¢p) of bound variables of ¢

FV(p)nBV(p)=2 ?



Su
Su

Su
Su

The notion of SUBFORMULa

b(p) = {p} for atomic ¢
O(P:0¢,) = Sub(P:) u Sub(P.) u {P.O0P.} foro e {A, v, 2}
0+(— ) = Sub(p) u {-P}

0-(QX.¢) = Sub(p) u {Qx.¢} for Q e {v, 3}

Free and Bound occurrences of variables

an occurrence of a variable x in d is BOUND, if x occurs in
PeSUB{d} and ¢p={Qx.0} for Q € {V, 3}

an occurrence of a variable x in d is FREE, if x does not occur in
any peSUB{0} with @={Qx.0} for Q € {V, 3}




(...... i .......
free
(...... ) QI

SUBSTITUTION
plt/x]?




SUBSTITUTION

Definition Let s and t be terms, then s|t/x| is defined by:
- _JYyiyFE
(@) ylt/ —{yiaz:
clt/x] = C

(i) f(t1, ... t)[t/x] := f(talt/], ... t.[t/x]).

Definition plt/x] is defined by:
(i) L [t/a] -y
Plt/x] .= P for propositions P,
P(ty,..., tp)t/x] == P(t1|t/z],. .., tylt/x]),
(tl :tg)[t/ib] = tl[t/x] :tg[t/il?],
(i) (pLP)[t/x] = lt/x]TH[t /],
(mp)lt/z] = —eplt/a]
(i) (yg)lt/a] = § o e
Gyolt/a) = { o T E

Define symultaneus substitution d[ty,...,tn/X1,...,Xn]



Ix(y < x)[x/y] = IX (X < X)

?



Ax(y < (X < X)

We must forbid dangerous substitutions

t=(...y...) &= (...(Fy...x...)...)

P[t/x]= ((EI(

y is now bound!




Definition

tis free for xin ¢ if

(1) ¢ is atomic,

(i) ® = p:OP(or d :=-d,) and tis free for x in d:and . (resp.P),

(in) ¢ :=3dyyY (or ¢ = Vyy) and if xeFV(p), then ygFV(t) and t is free for x
In .

tis NOT free for x in ¢




proposition

t is free for x in @ & the variables of t in ¢[t/x] are not
bound by a quantifier.

proof by induction (exercise!)



SUBSTITUTION

Definition Let s and t be terms, then s|t/x| is defined by:
- _JYyiyFE
(@) ylt/ —{yiaz:
clt/x] = C

(i) f(t1, ... t)[t/x] := f(talt/], ... t.[t/x]).

let t be free for x in @ [t/x] is defined by:

(i) L [t/a] -y
Plt/x] .= P for propositions P,
P(ty,..., tp)t/x] == P(t1|t/z],. .., tylt/x]),
(tl :tg)[t/ib] = tl[t/x] :tg[t/il?],
(i) (pLP)[t/x] = lt/x]TH[t /],
(mp)lt/z] = —eplt/a]
(id) (Vyplt/a] = § PO T8 FY
Gyolt/a) = { o T E

Define symultaneus substitution d[ty,...,tn/X1,...,Xn]



Check which terms are free in the following cases, and carry out the sub-
stitution:
(@) x for x in x = =, (f) =+ w for z in YVw(x + 2 = 0),

(9) +y for z in Vw(z + z = 0) A

x +y for y in z =0, dy(z = x),

0+y for y in 3z(y = z), (h) = +y for z in Yu(u = v) —
r + y for z in Vz(z = y).

Jw(w + x = 0),




NATURAL DEDUCTION

Notation
in the same context (x) and ¢ (t) denote respectively @ and [t/x]

hp?

4 v I 1 VE

X%FV(hp@) 5; t free for x in @




z = 0]
Va(x = 0)

r=0— Vr(x=0)
Ve(x =0 — Va(x = 0))
0=0— Va(x = 0)




z = 0]

NO!
Va(x = 0)

r=0— Vr(x=0)
Ve(x =0 — Va(x = 0))
0=0— Va(x = 0)







- P T vap(x) |
o || Y

xgZFV(hpD) ‘ » t free for x in @

e e e R S S SN DR e S D e




Va-Vy(z = y)]

NO!
—Vy(y = y)

Vo=Vy(r = y) — =Vy(y = y)







VaVye(r,y) — YyVae(z, y)















VaVyo(z, y)]
Vyo(z, y)
P(z,y)
Vrp(x,y)

VyVa(o(x, y)

VE
VE
i
i

VaVyp(z,y) — YyVre(s,y)



Va(p A1) — Yoo A Vay




Va(e(z) ANp(z))] Va(e(z) Ap(z))]

o(z) A () o(z) A ()
o(z) o(x)
Vrp(x) Vai) (x)

Veo(z) A Vry(x)
V(o A1) — Yoo A Vay




Let x & F'V ()

V(e — P(x)) — (¢ — Va(p(z))



Let x & FV (p)

Vr(p — Y(x
Vz(p — P(z))] .

o — P(z) o
v
veylr)
o — Vrp(r)

V(e — P(x)) — (¢ — Vo (p(z))



I'Fop(x)=T1TFVYzp(x)ifx & FV(¢) for all ¢ € I’

I'EVzp(z) = I'F @(t) if t is free for x in .




1. Show: (i)F Vz(p(x) — Y (x)) — (Vrp(x) — Vry(x)),
(ii)F Vzp(z) — ~Vae—p(z),

(iii)F Vaxp(x) — Vzp(z) if z does not occur in p(x),




SEMANTICS




<r17- - - ,rn 1a1!1amaK>

<P1, = .y Pn; f1 ,...,fm,{ci }i<k>

\ W

U=A P1. ..., Pn:f1,...,fm,{Ci Yi«,

Bijective mapping I

between the alphabet and the elements
. : of a mathematical structure
I(Pi) = Pj

I(fi) =1
I(Ci) = G




Given U. and a corresponding assignment I

an environment, is a function
p: VAR @ A
ENV={p | p: VAR — A}

an interpretation of the terms of L in 2, is a
mapping

[-1 : TERM x ENV— |U| satisfying:

(HIclp = I(c)

(I)[xIp = p(Xx),

(ii)IfF(te, ..., 000 = I(F)([tadp,...,[txIp)



The relation =

1

2

3.

4.

6.

. U, p= P(ty,...,tn) ©([tilp,...,[tnlp)

.U, pepAYe U, p=@ and U, pEY,

U, p=epvyelU, p=¢ or U, p=yY
ulp|=_lq)<=>ul pl?éq)l

.U, p=p-Ye (U, p=o=U, pEY),

U, pevxXpe U, p[a —X] = @, for each ae|U].

U, pE=3IXP & U, pla—X] E P, for some ae|U].

where

p[ar>Xx](y) = (if y=Xx then a else p(y))



&UE @ (U is a model of @) & for each p, U,p = P,

& =@ (¢pisvalid/true) &
U = ¢ for all U (of the appropriate type),

& U, p=Il (Usatisfies ) &
U, p =y for all werl,

@ =¢ (pisconsequenceof ') &

foreach p U and foreach p(U, p=Tl = U,p E P),



exercises

(1) F ~Vap < Jzmg
(17) | —dxp < V-

(111) = Vxp <« —dz—p
(tv) = dzp «— V-




exercises

—WVzp <« dz-p
—dzp — Vg
Vzp < —Jdz-p
— 333(’0 —> —lvwﬁ(p

Fdv1d & V%Ve Ql,ei'-' YV 74

dokavia & A L4 OR H.o kg
& Mo ko or A, pk4




exercises
(1) E Vap « Jx—p
— 3(8(,0 — —1V1;—|(p

C1) R AV Ixag

v Yo .(C)-\,(Jl: Wxg S %f bg,‘_,?)
Bpk-vxep e UeH VP

>3ad] 9, ptxpalit g &
& JoelUl A plxbdE 19 &



Evx o pr\-) Ve (o Ap)

¥ 2. o (ﬂogh Vxdayxp = 2o BV (an p))
Qo B¥xd A Vxp &

Up b¥xu & W, p=V¥xp &
(Ve 9, p0x e \-Q z (Ve Q.plx+H>e] "'P) )

Ve | Mopmaea ¢ A00xwadke] &
Vo L Qp bmadmanp | & Ao BV (dap)




EVxa v Vxp 2 Wx(dvp) Bxlazn CASA

#VX(QVP) St a v VxP) =¥

g\ ESNPISCE  UN' |s1£».;4 ‘); by
s eswiocE UV COUTRIMODELLO By

A §

TA U B e (P Q) (s POV ¥ Q)




TN U B e (pEIV QE)) > (¥ PV ¥ QD)

Caty-;-y  SPagy-i=D AlFas

A= <IN, @, QS P=inln cpens
TP):=PT 2@): g Q 2dn [n & diperi)
U Y \lw(plx):l Q(x))-’)(‘b P(x) v ¥ '&b‘i)«b
3p A, p i\ (PEIV QL) 5 (e OOV ¥ BON)

3o (Dp ko g o) @ Ao fedv e Qe ]

2 ?\ ;e L Vx (P Q 66
AR 0 I W POV ¥ Qe




EVxa v Vxp 2 Wx(dvp) Bxlazn CASA

#VX(QVP) St a v VxP) =¥

g\ ESNPISCE  UN' |s1£».;4 ‘); by
s eswiocE UV COUTRIMODELLO By

A §

TA U B e (P Q) (s POV ¥ Q)




Change of Bound Variables
If X, y are free for zin ¢ and x,y¢ FV(®)),

(or simply: if x and y does not occur in ¢) then
= Ix(p[x/z]) < 3y(ely/z]),
= vX(P[x/z]) < vy(ply/z]).

Every formula is equivalent to one in which no variable
occurs both free and bound.



IDENTITY

. VX(X = X),
. VXY(X=y—y=X),

. VXYZ(X=YyAYy=Z—X=2Z),
. VX1 . XnY1 yn( m i=,n Xi=Y; — t(Xl,...,Xn) = t(y19"'9Yn))

VX XYYl R\ im0 Xi = Vi = (O(X 1 X) = O(Y 1Y)

exercise:

= Vxdy(x =y)



Soundness

[Fo=IlEO



hp? c I x¢FV(hp?D) D
p(z)

by Induction hypothesis Vop(x)
[ = i.e.
VU, Vp, U, pEhpD=U,p= )=

v U, vpv,a (U, p[x~a]J=hpD = U, p[x~a]=p )=
= v U, vp, ((va U,p[x~al=hp?D)= (va U, p[x~al=p) ) =

(because U, p[x~a]= hpD < U,p= hpD)
vU, vp, (U, p=hpD = U, p= vX.) =

[ = VX.



(VE) D
[S[t/X]Tp=[STpx-1t10]

Veo(r)
gp(t) U, p= o[t/x] iff U, p[x— [[tTel= ¢
t free for x in ¢
by IH: ' EVX.

l.e. vUV p, UpE=l=UpEVX.Q

U pE=VVX.p=vVvalp[x-al=p =

vt U, p[x—[t]]EP & vt U, p=@[t/X]

and therefore vi(U,p = YX.Q(p) = U,p=P[t/X])




Adding the Existential Quantifier

P(1)
Jr ¢(x)

37

t free for x in @ xgFV(Chp2-{Q})uFV (1))







Jz(p(z) V(z)) — Jzp(z) V Iz (z)




()] ¥ ()]
dzp(z) Jzip(x)
(@) Vy(@)]®  Bae(r)VIzy(z)  Bze(z) V Izy(z)

VEn
[Fz(p(2) vV (2))) Jzp(z) V Iz (z) -

Jzp(x) V Jx(x)
Jz(p(z) Vip(r)) — Jwe(z) V Iry(z)

Eo

—>I3
















VX.¢
oLt/x] =ulu/y]




VX.¢ VCE(ZE — a:)
o[t/x] =[u/y]

(x=x)[x/x] =(x=y)[x/y]







. —Vx( ()
. FVzo(x)
. =aVrp(x) « -

X

p) =
)

v (p(z)

1<>

(p(z) = 1) <

(o — P(x))

© 00 N DU WD

X

ye — Y

Jzp(r)
Vrp(x)

Jr—p(z),

(),

dxp(x) < Ve—p(z),

(Veo(x

rp — pif x & FV(p).

AP it
Vit

) = )

— (¢ — Jxp(x))

L,

r & FV (1),
r & FV(9),

1
1

if © & F'V (),
fxd& FV(p),




Natural Deduction and Identity



QZ:yRI2 Rl‘]

=2 X=X
rT=vy Y=2
Rl
r =z

L1 =Y1y...,Ln = Yn RI, T = Wl oo oo B = Ui
t(r1, .y mn) = Y1, .-, Yn) tlxy, ..., xn/21,- - 20 =y, Yn/21, - - -, Zn)
T1 =Y1y--+Tn = Yn @(wla---axn)RI T =Ylyeo s Tpn =Yn POlT1,. o Tn/21,- - 2n]

4
(Y1, Yn) OlY1, - s Yn/Z1y- -, 2Zn]

xr =1 x2+y2>12x r =1 x2+y2>12x T =y Q32—|—y2>12$

2u% > 12z x4+ y? > 12y 2y° > 12y




Lemma 2.10.2 Let L be of type (r1,...,mn;a1,...,am; k). If the rules

L1 =Ylyeo oy Ly = Yp; Pi([l?l,...,[l?m)

for all 1 <n
Pi (y17"'7y?“7;)

L1 = Y15y Ta; = Ya;

—  forallj<m
fj(x]-?"”xaj) — fj(yla'“ayaj)

are given, then the rules RI4 are derivable.




