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Pb 1. Prove that the set K of functions in C1([0, 1]) such that∫ 1

0
(|f(σ)|2 + |f ′(σ)|2)dσ ≤ C

for some positive constant C is relatively compact in C([0, 1]).

Pb 2. Prove that the set K of functions in C1([0, 1]) such that |f ′(x)| ≤ C for all x ∈ [0, 1] and
some C > 0 and such that any f ∈ K admits a root in [0, 1] is relatively compact in C([0, 1]).

Pb 3. Let M be a bounded set in C([0, 1]). Prove that

K =
{
y(t) =

∫ t

0
x(σ)dσ : x ∈M

}
is relatively compact in C([0, 1]).

Pb 4. Let (fn) be a sequence of functions in C2([0, 1]) such that fn(0) = f ′n(0) = 0 and
|f ′′n(x)| ≤ 1 for every x ∈ [0, 1] and n ∈ N. Prove that there exists a subsequence of (fn) which
converges in C([0, 1]).

Pb 5. Let K be a compact metric space and consider a bounded sequence (fn) ⊂ C(K). Let
ψ : K → `∞ be the function defined by setting ψ(x) = (fn(x))n∈N. Prove that (fn) ⊂ C(K) is
relatively compact if and only if the function g is continuous.

Pb 6. Find the function ϕ : [0, 1]→ R such that the set

K = {f ∈ C([0, 1]) : |f(x)| ≤ ϕ(x), for all x ∈ [0, 1]}

is relatively compact in C([0, 1]).

Pb 7. Let X be a Banach space and (xn) ⊂ X be a Cauchy sequence. Prove that the set
K = {xn : n ∈ N} is relatively compact in X .

Pb 8. Let K be a compact metric space. Assume that M is a relatively compact set of C(K).
Prove that M is equicontinuous.

Pb 9. Consider the sequence of continuous functions fn : R→ R defined by

fn(x) =

{
0 if x < n,
arctan(x− n) if x ≥ n.

Prove that (fn) is bounded and equicontinuous. Is (fn) relatively compact?



Pb 10. Consider the sequence of continuous functions fn : [0, 1] → R defined by fn(x) = xn.
Prove that (fn) cannot be equicontinuous.

Pb 11. Let X be a complete metric space and Y ⊂ X . The Y is relatively compact in X (i.e.
Ȳ is compact) if and only if every sequence (xn) ⊂ Y admits a subsequence converging in X .

Pb 12. Let X and Y be Banach spaces and Ln ∈ L(X,Y ) such that for every (xn) ⊂ X with
‖xn‖X → 0 it holds ‖Lnxn‖Y → 0 as n→∞. Prove that sup

n∈N
‖Ln‖L(X,Y ) <∞.
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